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Definition 1.4 (Multiple confluent hypergeometric functions). Let a be a positive integer. We
define the multiple confluent hypergeometric functions by the following infinite integral
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o+ argx| < w/2.
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which performs the same role as (1.2) and (1.5). This function is absolutely convergent when Rs; < 0
and Rsp > 1 for 2 < k < r. (See Theorem 3.2.) Moreover it can be continued meromorphically to

A, space. (See Theorem 4.2.)



Lemma 2.1. Let n be a positive integer. We have
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Lemma 2.2. Let a be a positive integer and let complex variables hq, ..., h,11 satisty by < 1 and
0< hg+ -4 hgr1. We have
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A FUNCTIONAL EQUATION FOR MULTIPLE ZETA FUNCTIONS 6
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Proof. By making the substitution t; = (6 + t5 + - - - + t,)u, the integral becomes
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Putting 0 = 1, we see that the right-hand side of (2.4) is
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Here we used the formula e™* = % | m [(—s)z%ds. We define the integration contour M as the
vertical line running from ¢ — i0c0 to ¢ 4+ i00. In order to choose ¢ so that all singularities of I'(—s)
and I'(h1 4+ -+ hgr1—s—1) lie to the right of the contour, we assume R(h; —1) < ¢ < 0. Applying
Lemma 2.1 and summing over the poles of I'(—s) and I'(Ay + -+ 4+ hqeyr1 — s — 1), we have
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Proof. By substituting t; = 2minn;, we can show
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' Ty
[(s2)-- =

My MMy 1= 1

—100 —100 . . —100 . .
x/o / 627”"(””““"7’2)”377?‘/0 T2 (Lt my g e A )T g - dyy
0

wi(s)+-+spr—1) wi(l—81 —:—sp)

_ (27T)Sl+-..+3r—le 5 ]_"(1 _ 81)321(81, o 757') e (27T)81+o..+8r—1€ 2 I‘(l — SI)gZI (31’ o
This complete the proof.
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Theorem 1.6. Let r be a positive integer satisfying » > 2. When the complex variables (sq, ..., s;)
are contained in 2,., we have

4G.(1 —wt(s) + s1,1 — wt(s) + s2,83,..., ;)
T (wt(s) — s )ivt@ ]

| e%(Wt(s)_l)ﬁi(sl, oy Sp) F e_%i(Wt(S)_l)ﬁzf(sl, .y Sy

%r(sl, ¢« ooy 87-)
T T(1— sp)(2m)i(e)-1
. o0
+e2MED N pge1(2Wh(8) — 81— 83— 1,—s3,..., —spi k1, .. k)
ki,...ky._1=1
" i (83)m1(1 kllj_lkz )m1 o (Sr)mr—z(l k1+--l-€—}—k7~_1 )mr_2

N m1! mr_g!
ml,...,mr_Q—O

X (Wt(S) — S1)my+-tm,_o AV (WE(S) — S1+ M1 + -+ + my_o, Wt(8); 2miky; 1)
+ U (wt(s) — s1+mq+ -+ + myp_o, wt(s); —2miky; 1)}

Here we set s := {s1,...,s,} and define wt(s) = s; + --- + s,.. When all components are positive
integers, s is called an index, and wt(s) is referred to as its weight.



1.1. Examples.
The following equation evidently holds by definition of the multiple confluent hypergeometric func-

tions,

Wi(h1,ho;xy;1) = W(ha, by + ho;x1).
Hence, it is straightforward to verify that Theorem 1.2 holds by the Theorem 1.6 in the case when

r = 2. Here we understand that mq,...,m,_o =01t r = 2.
In the case r = 3 where we have

g3(1—82—83,1—81—83,83) Z ( s
Z(s1+s2+s3—1) gr ‘ —Z(s1+s2+s3—1) gr ‘
(s + 83)is1ts2+ss—1 - e F(81,82,83) +e 2 F (81,52, 83)

g3(81782783) | =
- F(]. — 81)(27T)S1+32+s3—1 | Z UEZ’Q(SI T 82+ 283 — 1, =83 k1, kz)
k1,ko=1
. (s3)m (1~ )™
» Z mi - 'k:1+k‘2 (82+83)m1{q’(32+33+m1781+82+83;27Tik1;1)
1:
m1 =0

+ W(sy + 83+ my,s1 + S + s3; —2miky; 1)}






