A FUNCTIONAL EQUATION FOR MULTIPLE ZETA FUNCTIONS
AND GENERALIZED CONFLUENT HYPERGEOMETRIC FUNCTIONS

ANJU YOKOI

ABSTRACT. In this paper, we introduce a new function, the multiple confluent hypergeometric func-
tions, and establish a functional equation for the r-variable Euler—Zagier multiple zeta functions
using it. In the case when r = 2, this functional equation includes the well-known functional
equation for the Euler—Zagier double zeta functions obtained by Matsumoto.

1. INTRODUCTION

Let s1,...,s, be complex variables, i :=v/—1 and (a), = W in this paper.

The r-variable Euler—Zagier sum is a kind of multiple zeta functions defined by the series

o0

Cezr(81,...,8) = Z nyt(np 4+ n2) "2 (ng 4 4 ny) 70, (1.1)

n1,n2,...,nr=1

which is convergent absolutely when R(s,_gy1 +---+s,) >k for 1 <k <r. When r =1, (1.1)
is nothing but the Riemann zeta function. The earliest result of the analytic continuation of (1.1)
is due to Arakawa and Kaneko [2], where the function is regarded as a one-variable function in
sy only. However in the case r = 2, Atkinson [3] analytically continued the function using the
Poisson sum formula. Following these results, the analytic continuation of (1.1) as an r-variable
meromorphic function has been established. (See [1], [10, 11] and [12].) In addition to these, various
other methods for the analytic continuation of (1.1) have been established up to the present. Now
we have the following result.

Theorem 1.1. The Euler-Zagier multiple zeta functions (gz,(s1,...,s,) can be meromorphically
continued to C" and has singularities on

Sp=1, 8,01 +s8 =2,1,0,-1,-2,—-4...

and
J
Zsr—i+1 €ZL<j ,3<j<r
i=1
where Z<; is the set of integers less than or equal to j.

Once the Euler—Zagier multiple zeta functions in r-variables has been analytically continued, it
is natural from a mathematical perspective to investigate its properties. In [9], Matsumoto studied
multiple zeta functions of Euler—Zagier type for » = 2, and gave the functional equation for it, as
the following theorem.

Theorem 1.2 ([9, Theorem 1]). Let I'(s) be the gamma function, respectively. We have
g(’LL,’U) _g(l_vvl_u)

(27T)u+’v*1r(l _ u) - i““’flf(v)
1

+ 2isin (g(u +v— 1)) Fy(u,v),
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where u and v are complex variables and F' (u,v) and g(u,v) are defined by

Fi(u,0) =Y ouro1(k)¥(v,u+v;2mik), (1.2)
k=1
and -
g(u,v) = Cpza(u,v) — (I‘(_v)U)F(u +v—1)Cpz1(u+v—1), (1.3)

by using the divisor sum function os_1(k) = >_ dlk d*~1 and the confluent hypergeometric function

Ta) /0 e My (T +y) " dy,

which is valid under the conditions Ra > 0, —7 < ¢ < 7 and |¢ + argz| < 7/2.

U(a,cx) =

According to [7], since the second term on the right-hand side vanishes on the hyperplane
Qorr1 = {(51,82) €C? | 81 + 852 =2k +1} (k€ 7Z),

the above expression yields a beautiful symmetric form such as

1Vk
(27T)2’€1“1(1 — sl)CEZ’Q(‘Sl’ 52) = (F(;)) {CEz,z(l — 59,1 —51) — i?:}

when restricted to {2914 1. Here we denote the k-th Bernoulli number as Bjy.
Matsumoto also introduced the Mordell-Tornheim multiple zeta function

o0

CMTr (81,5, 803 8p41) = Z myemy ST (my s ) T
mi,ma,...,mr=1

which is absolutely convergent in the following region,

J
Z%Skl + Rspp1 > J
/=1

with 1 <k < ko <--- <k; <rforany j =1,2...,r. In addition, Okamoto and Onozuka [13]
derived the functional equation for the Mordell-Tornheim multiple zeta functions as the following
theorem. In [13], Okamoto and Onozuka prepared some functions to state their main theorem.
More precisely, they introduced two divisor functions

oally,... 0) = Z de,

dley,....d|¢r
and
UMT,T(Sl,...,ST,SH_l;el,...,ET) = Z dil-~-diT(d1+---—|—dT)5T+1.
dill1y...,dr|lr
Furthermore, they put
Gr(815- 5 8r41) = CuTr (51, -+ 55 8r41) (1.4)
I'(l —s)'(sp 4+ 8pg1 — 1
_ T)F((STH) ™ )CMTJ’—l(sla ey 8138 + Spy1 — 1),
,
and
- 051+ +8p41 1(6 lr_1)
" . b Sy — R
F; (317"'737“4-1) = Z VR (1'5)
l1ylr_1=1 1 r—1

X W(Spi1,8r + Spy1; £2mi(01 + -+ - 4+ £r—1)).
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Theorem 1.3 ([13, Theorem 1.2]). We have

gT(_Sla ceey =Sp—1,1 — Spy1,1 — ST)
i5r+57'+1*1]_j(sr+1)
i (sp+s —1) 4+ — (s 4s —1) p—
+ez st (g s de 2T TR (g )
_ gT(817 ey Sr—1,Sr, 87"+1)
(2m)srtsr+1—1T(1 — s,.)
. o
_mi(g 1
+e 3 (sl g OMTr—1(815 -5 Sr—1, 80 + 8pp1 — L1y, ... 1)
L1yelp1=1

X {W(8r4+1, 8r + Sp41; 2mi(01 + -+ £p—1))
+\I/(ST+1, Sr + Sr41; —27TZ'(£1 + -+ gr—l))} .

For two variables, the situation is as described above; however, no functional equation has yet
been found for the Euler—Zagier multiple zeta functions when r > 3, a problem posed as an open
question in [9]. In the present paper, we discuss the fundamental idea based on Matsumoto’s work,
but with a different method of generalization, as in [13]. Here we introduce the space 2, by

A ={(s1,...,8) |, Rspq2>1, 1 <k<r-—-2}CC"
for r > 1. In that process we introduce the multiple confluent hypergeometric functions.

Definition 1.4 (Multiple confluent hypergeometric functions). Let a be a positive integer. We
define the multiple confluent hypergeometric functions by the following infinite integral

\I’a(hl, . ,ha+1;ﬂj‘1, . ,$a;5)

1 oe'? ta4h 1 poe'? t he—1
—ZalaNa+1— —Zag—1la—14ta—
L'(h2) - I'(ha+1) / ¢ /0 ‘ a1
coel® coel® coel®
/ / x2t2t§3‘1/ emmtth2=h g by oty )TNy - dt,
0

where 0 < § < 1, complex variables hsg, ..., hqtq satisfy Rhr > 0 for 2 < k < a+ 1 and ¢ satisfies
|p + arg x| < w/2.

We introduce two functions

o0

ﬂi(sl,...,sr) = Z 0'51+...+57,_1(k1,...,kr_l)
ki,..kr—1=1
X \I/T_1<31, ey SpyE2mik, :I:27ri(k1 + ]{72), e :|:27ri(k71 + -+ kr—1)§ 1).

which performs the same role as (1.2) and (1.5). This function is absolutely convergent when Rs; < 0
and Rs; > 1 for 2 < k < r. (See Theorem 3.2.) Moreover it can be continued meromorphically to
2, space. (See Theorem 4.2.)

Remark 1.5. In [9], the variables can range over the entire complex plane, which is not the case
when r > 2; thus, it is evident that the result in Matsumoto’s work is particularly elegant.

Furthermore, we put

1 % tsr—l tsz 1
ot osn) = Gezrlonoo) ~ ooy | wog ), ) w09
r

51 1
x/ b dtidty - - - dt,
o titta+---+1ir
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This function performs the same role as (1.3) and (1.4), and also it can be continued meromorphically
to C" space. (See Theorem 4.5.) Then we have the functional equation for (1.6) in the whole 2,
space. In order to continue ¥(si,...,s,), we introduce the well-known function, the Lauricella
function, which is defined for ¢ € Z by the series

- D) kytotbn K k
) a:h, c:z) = (a1)k, (an)kn (0) gyt Nk kN
pabem = D Vit kal ekt TN

k1, k=0 (e
<

which converges in the region |zx| < 1 for 1 < k < N. Finally, we introduce a kind of divisor

function
opzr(s1, - sriki ke, k)= Y A (d+d)® e (dy Ayt d)
d1|k17---7dr|k7'
We call oz, by the Euler-Zagier r-divisor function.
Theorem 1.6. Let  be a positive integer satisfying » > 2. When the complex variables (s1, ..., s;)
are contained in 2., we have

“4.(1 —wt(s) + 51,1 — wt(s) + s2,83,..., 8 3t (8)—1) oo mit(e) )
: (I)‘(Wt(s)—sl)iwz(S)—l )+e2( " DﬁJr(Sl)"'uSr)"i_e 2 (D 27 (51, sp)

G (81, .-, 5r)
T T(1 = sp)(2m)wils) -1
X o0
+€—%(wt(s)—1) Z O’EZ’T_l(QWt(S) — 81 — S92 — 1,—83,...,—8,«;k1,...,k7«)
kl,...,k»,»,lzl
S O ot

. m1! mr_gl
mi,...,mp—2=0

X (Wt(8) — S1)mittmy_o LY (WE(S) — 51 + M1 + -+ - + myp_o, wt(s); 2miky; 1)
+ U(wt(s) — s1+my + -+ my_g, wt(s); —2miky; 1)},

Here we set s :== {s1,...,8,} and define wt(s) = s + --- + s,. When all components are positive
integers, s is called an index, and wt(s) is referred to as its weight.

Remark 1.7. The above theorem takes the form of an analogue of [13, Theorem 1.2], and moreover
it constitutes a generalization of [9, Theorem 1].

1.1. Examples.
The following equation evidently holds by definition of the multiple confluent hypergeometric func-
tions,
Uy (hy, ho; 215 1) = W(he, hy + h;x1).

Hence, it is straightforward to verify that Theorem 1.2 holds by the Theorem 1.6 in the case when
r = 2. Here we understand that my,...,m,_o =0if r = 2.

In the case r = 3 where we have

“D5(1 — sg — 83,1 — s1 — S3,53)

I‘(32 + 33)i81+82+83—1

T s
4 65(51+82+83*1)€9’i(31’ 59, 33) + 675(81+82+5371)§£(81, S92, 83)

93(s1, 82, 83 -
~ T 31()(27r)51+5)2+53_1 + ) opza(si+ syt 23— 1, —sgi k1, ko)
ki ka=1

k1 )ml

o
X Z (53)m, (1 — k1+ko

ml!

(82 + Sg)ml{\I/(Sg + 83 +m1,S1 + S92 + S3; 27Tik}1; 1)
m1=0

+ W(sy + 83+ m1,s1 + s2 + s3; —2miky; 1)}
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2. PROPERTIES OF MULTIPLE CONFLUENT HYPERGEOMETRIC FUNCTIONS

Lemma 2.1. Let n be a positive integer. We have

o
/ M1 4+ )P 1+ aqe)B (14 ) e

0

_ D(h)T(1—hy —hg =+ = hnya +n)
D(1—hy—hg—+— hpya +n)
XFén)(]'_h3)"'71_hn+2;h171_h2_hg_"._hn+2+n;1_al"”’l_an)’

where hj, oy, are complex variables for 1 <j<n+2and 1<k <n.

Proof. We prove it by the change of variables x = ﬁ as follows

(oo}
/ whl’l(l + ar)hrl(l + alw)hS*l o (1T+ anx)h"”’ldx
0

/1 ¢ h1—1 1 ha—1 - ¢ hy—1 - ¢ hp42—1 dt
= — — a o« e a [
o \1—¢ 1—t 1t "1—t (1—1¢)2

1
= / thi=t(1 —g)yn=h=—harz(p (1 — o)) 71 (1= (1 — ap )27t
0

_ i (1= h3)m, (I —a1)™ o (1 = hnt2)m, (1 —ap)™

mq! my,
mi,...,Mp=>0

1
X/ th1+m1+-~~+mn—1(1_t)”_hl_"‘_h"“'zdt
0

io: (1 = h3)m, (1 —aq)™ ] (1 = hot2)m, (1 — o)™

my! my,!
mi,...,mn=0
P(hi+mi+--+mp)l(A—hy —hy— -+ — hnyo + 1)
L(1—hy—hg—-- —hpya+mi+---+my+n)
We used the formula fol "1 — )™ Ldt = % in the last equality. O
Lemma 2.2. Let a be a positive integer and let complex variables hq, ..., g1 satisfy hy < 1 and

0<hy+- -4 hgt1. We have

\I’a(hl, .. .,ha+1;$1, R i) 1)
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hatthast —hs | —hati i (h3)m, (1 = Z)™ i (hat1)mg_y (1 — ZL)ma=
2 a m1! mafl!

= xl
m1=0 Mg—1=0

x (1 — hl)m1+---+ma,1\11(h2 + - 4 hopr1+mi+ -+ ma_1,h1 + -+ hat1;21).

Proof. By making the substitution t; = (§ + t3 + - - - + t4)u, the integral becomes

Uolhi, ooy hat1;21,. .. ,24;0)
1 > tashari—1 [ to1ha—1 * to ha—1
— efxa atltat1— / efl'afl a—1¢ aff .. / €*x2 2¢ 3—
F(hz)"'F(ha+1)/() ¢ 0 ot 0 2

oo
% / emmuOttattta) (5 4 gy oo g )R lyhe () )M udiy - - - dt,
0

1

L'(hg) -+ T(ha+1)
o0 o0 o0

x/ e‘“tatZa“‘l/ e_%ltaltzall--'/ e Tt (5 Lty 4ot The ]
0 0 0

U(ho, hi + ho; w1 (6 +to + -+ +1,))dts - - - dtq

Recalling the well-known and beautiful property of ¥ (b, ¢; x):
U(b,c;x) =" “U(b—c+1,2—cx)

shown in [5, 6.5 (6)], we can show

lfhlfhz

00 00
(2.2) (1 — h 1 / e (Ia+$1t1)tatha+1 1 / 6_($a71+zltl)ta71t2a7;1
1 a+1 0

/ / —(z2+x1ts t2th3 1 /Oo e_5$1t1tfh1 (1+ tl)_h2dt1 codty
0

1—hi—hs
Ty

00
= 1_‘(1_h1)/0 6_5331t1t1_h1 (1 + tl)_hz (1'2 + :Eltl)—hB o (xa + xltl)_ha+1dt1.

Putting 6 = 1, we see that the right-hand side of (2.4) is

1 hi—hs —h —hq
ry Py P xg +1/ [(—s)z]
2miT(1 — hy) ™ !

00 —h3 —hat1
X / (14 4y)7h <1 + ( > t1> (1 + ( > t1> dt1ds.
0 H) Tq

(2.1)

(2.2)

(2.3)

(2.4)

Here we used the formula e™* = 2m [ives M )2°ds. We define the integration contour M as the
vertical line running from ¢ — i00 to ¢ + ico. In order to choose ¢ so that all singularities of I'(—s)
and I'(h; +- -+ hqy1 — s —1) lie to the right of the contour, we assume R(h; —1) < ¢ < 0. Applying

Lemma 2.1 and summing over the poles of I'(—s) and I'(hy + - - + hg+1 — s — 1), we have

g Thhegshe g et o (hg)m, (1 — £H)™ o (ha+1)m, i (1 — Z5)™Me

27TZF(1 — hl) M1 =0 ’I?’Ll! ’I?’Lafl!

X/ F(—s) sF(s—hl+m1+---+ma,1+1)1“(h1+---+ha+1—5—1)
M ! D(h2 +hs + -+ hat1 +my+ -+ +mg_1)

(2.5) =

ds
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_ x%*hﬁ’wx;hS gy et i (h3)m, (1 — ZL)™ . (hat1)mg_, (1 — Z£)™e!
F(l — hl) ’I?’Ll! ma,l!

mi,...,Mq—1=0

" = (—1)g<gf‘(€—h1+m1+-~+ma1+1)I‘(h1+--~+ha+1—£—1)

X
~ o \" D(hy +hg+ -+ hap1 +mi+ -+ ma_1)

+xh1+...+ha+1_1+gr(1 —hy—-—hgy1 —OU(ha+hs+ -+ hgr1 +L+my+ -+ ma_l))
! U(hg + hg + -~ + hap1 +mi + - +mg-1) '
(2.6)
By using the formula ﬁ = (—=1)"(x)_pn, we can show
(2 6) _ m%ihlihQZE;h?’ cee ‘T;hajq = (h3)m1(1 - %)ml o (ha+1)ma71(1 - %)ma_l
F(l — hl) 1 o1 =0 m1! mafl!
y il (xgr(l —hi4+my 4+ me)D(hi+ -+ harr — D1 —hy +my+ - +ma_1)e
=1 ! (2—h1—-—hap1)l'(ha +hg+ -+ har1 +my + - +mg_1)
+$h1+...+ha+1_1+gr(1 —hy—-— ha+1)(h2 +hs+--+hop1+m+---+ ma_l)g>
1 (h1+"'+ha+1)g
_ $}ib3+~..+ha+lx2—h3 . $;hu+1 0 (h3)m1( N %)ml N (ha+1)ma_1(1 _ %)ma_l
I'(1—hy) = mq! Mg_1!
xD(1—hy+my+---+mg_1)
oo [ gt has (hi+-- -+ hey1 — 1) F 1=h1+mi+--+mg_1 -
! L(hg+ -+ har1 +m1 + -+ +mg_1) 2—hy——han ’
'(l—hy—-—hgt1) 7 [h2+~-+ha+1+m1+"'+ma1 ])
oy .
T~y +my+ -t mq) hi+ -+ hayr !
(2.7)
The series representation
I'(1-¢) b 1—T(c—=1) b—c+1
U(bc,;x) = ————F—1F1 | ; C—— 1 F : 2.8
(,C,,ZE) F(b—c—l—l)l 1|:cax:|+$ F(b) 141 2 _ ¢ Y ( )

holds. (See [5, 6.5 (7)].) Here we define

a3 [i az} = i (B)m ™.

L= ml(C)m

Applying equation (2.8) for b = hg + -+ + hgy1 +m1 + -+ +mg_1, ¢ = hy + -+ + hgy1 and by
equation (2.7) we arrive at the desired assertion. g

Lemma 2.3. We have the asymptotic expansion of ¥, (h1,...,hq;21,...,%,) such as

\Ila(hlv .. .,ha+1;$1, s ,l’a)
N-1

= xl_hz .. .:L-(;th»l Z Z (—xl)n(h2)k1 . (ha+1)ka (1— hi)n

n=0 \ki+-+ko=n
+pon(hiy. . har1; T, .0 )
where,

) 1 [e'e] t t — N-1
pN(hlv s 7ha+1; Lly-e- 7‘7:@) = x%_hl_thQ_hd e ‘TghaJrl m /0 e_wltt_hl /0 f(n)(n;dndt
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and

N! ho—
f(’f];hl,...,ha+1;x1,...,$a) = Z m(—l)kl(hQ)kl(]."—n) ha=k1
kit +ke=N

a T k; —hit1—k;
- — h; 1 :
L)) oo (10 (52))
Proof. We have the Taylor series

(141)" (1 + <2) t> o (1 + <2> t) s

Nl — )" (ho)g -+ (hy
-y |y bl oy IOES s o)

n=0 \ki+-+ke=n Zy

Applying the same method as in [5] and using the equations (2.4) and (2.9), we have the desired
equation. ]
3. PROPERTIES OF %,(81,...,S,)

It is easy to see that

1 o tsT_l t32 1 [e'e] tilfl
Cezr(st,..8r) = T(s1)---I(s,) / etr — 1 / / ottt _ 1 / elittat i _ 1dt1dt2 Sl

(3.1)
The right-hand side is convergent when R(s,_x+1 + -+ 8-) > k and R(sg) >0 for 1 <k <.
Let

1 1
h = - —.
(2) e —1 =z

Applying (1.6) and (3.1), we have

1 oo ts,«—l t52 1 0o L
_ S1— e
%«(31, ceey 87«) = F(Sl) — F(ST / etr 1 / / 6t2+ Th 1 / t] h(tl—l- —i—tr)dtldtg dt,.

Let C be the contour which consists of the half-line on the positive real axis from infinity to a small
positive number, a small circle counterclockwise round the origin, and the other half-line on the
positive real axis back to infinity. Deforming the path to the contour C, we have

G (81, .-, 5r)

1 e’} ts,«—l t52 1 .
= 5V h(t ceo 4 tp)dtidts - - - dt
F(Sl) R F(ST)(QQMSl — 1 / etr — 1 / / et2+ +r ] / 1 ( 1+ + T) 16682 r

In [6], the following estimate was proved:
Aty + -4 t,) = O(e Kttt (g oot + 1)),

The above estimate holds with a positive absolute constant K. Uniformly for any x,y € CU|[0, 00),
we can show

/til_lh(tl b t)dt = O(1) (3.2)
C
when Rs; < 1. Assuming Rs > 1, we have
00 .’L‘S_l
dr = O(1). :
/0 L dr=0() (3.3)

Finally, by applying (3.2) and (3.3),
G (51,...,8) < 1
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holds in the region Rs; < 1 and Rsp, > 1 for 2 < k <r.

Theorem 3.1. In the region sy < 0 and Rsg > 1 for 2 < k < r, we have

( 1)51 1F 1 - 81 oo tsrfl 83 1
Gr(s15..,8) = T(s2) - et: 1 etat+tr _ 1 +tT 1 (3.4)

00 tSQ 1
x/ ——L——44y%yu—u+%mw4ﬁyuﬁr
0

et2+“‘+t7‘ - ]_

Proof. By the residue theorem, we have

27]3‘ ts"_l tSQ 1 .
V7 h(t -ty )dbdiy - - - di
/ etrl/ / et2+ +tT1/CR1 (t1 + -+t )dtrdty r
i tsr 1 s2—1 X
+/ etr—l/ / etat- +tr_1/ Rt A ) dtdty - - - d

% tsT 1 32 1
N _2m/ etr — 1 / / ettt _ 1 e 1 D (—to— o=t 2min)* " dty - - dty

[n|<Nn7£0

(3.5)

where R = 2m(N + 3) for a sufficiently large positive N. The contour Cp consists of the half-
line on the positive real axis from —(t3 + --- +¢,) + R to a small positive number, a small circle
counterclockwise around the origin, and another half-line on the positive real axis back to —(t2 +

-++1t,) + R. The contour D consists of a circle of radius R centered at —(to + - - - + t,.), traversed
clockwise once. For the first term on the left-hand side of (3.5), the following

27}3' tS»,- 1 27“ 27" 82 1 1
517 DY P
/ etr — 1 / / elatttr _ 1 +tr 1 /R 7' h(ty + -+t )dtidts - - - dt,

[e) tST_l 32 1 3
/ etr—l/ / otat- +tT_1/ts1 hty + -+ tp)dhdty - dty (R 00) (3.6)

holds in the region Rs; < 1 and Rsy > 1 for 2 < k < r. The second term on the left-hand side of
(3.5) can be estimate as

£ g1 o 52t L
/ etr — 1/ / olotttr _ 1/ t9 T h(t 4+ ) dtdty - - dE

< R™ 50 (R— o) (3.7)

in the region Rs; < 0 and Rsp > 1 for 2 < k < r. Lastly we consider the right-hand side of (3.5).
In the region Rs; < 0 and Rsg > 1 for 2 < k < r, we obtain

o] 755,—1 t82 1 1
. \sp—
/ etrl/ / elatttr _ 1 Z (—=tg — -+ —t, + 2min)** " dty - - - dt,

[n|<N,n#0
o0 tERST—l %sg 1
< / etr —1 / / et2+ +tr 1 Z | —te— - =t + 27rin\§R81_1dt2 e dt,
oo tRsp—1 gfg52 1 0
<</ etr—l/ / et2+ A+t _1d2“'dt7"zln%81_l <1 (3.8)
n=

by (3.3). Hence we have
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Sr—l tsQ 1 1
- 2m/ 6“ -1 / / et +tr _ 1 Z (—=tg — -+ —t, + 2min)** " dtg - - - di,

In|<Nn#£0
sT 1 82 1 .
- _27”/ etr —1 / / ottt — 1 +tr 1 Z(_t2_"'_tr+2m”)sl_ dty---dt, (R — o0)
n#0
(3.9)
in the region fs; < 0 and Rsg > 1 for 2 < k < r. Hence applying the formula
1 (=D)L~ sp)
['(s1)(e2mis1 —1) 27i ’
we complete the proof. O
Theorem 3.2. In the region sy < 0 and Rsy > 1 for 2 < k < r, we have
wi(s1 4+ +spr—1) —7mi(sy+-+spr—1)
G (51, .., 80) = (20) T TID(1 = s {e™ T T (51, s e (51, s )
(3.10)

Remark 3.3. When r = 2, Theorem 3.2 is a special case of [9, (2.14)].
Proof. By substituting ¢; = 2minn;, we can show

G (s1,...,5)

_(2m)srtetee 1F 1 —s1)

0 100
- § :nsl-l— +sr—1 2 : / —27rmmr 177r775r—1
S
( 2) n=1

mi,..,Mr—1=1

100 100
X /0 o -/0 e 2minma (s tir) s = / e 2mimmi (et ) 2N (] gy g ) Ny - digy

(—2mi)s1t s ID(1 — 51) — Z s1+-tsr—1 Z /wo 2Ty 1 e =1
F(Sz)"'r(sr) n=1 m 1
1yeees M —1=

—100 —100 —100
X / - ~/0 eZminma(ns i) s =1 / erinmai (ot ps2 =L (] 4oy 4+ -+ ) i - dipe
0 0

_ (27m~)31+--~+sr71r(1 — 51) Z S1+-+sr—1 Z /zoo —2min(mi+--+my— 1)nrnsr 1
T(s2) - T(s,) ;
n=1 my,...,mr—1=1

100 100 100
X / - / e min(mtma)is st / e 2Tz yR2 (1 g g+ 4 1y) % gy -y
0 0 0

. e 00 _
(—27T2)Sl+ Tér 1F(1—31)2n51+...+5T—1 Z / e 27r7,n (mi4-+my— 1)77r

F(SQ)"'F(ST> n=1 mMi,...,Mp—1=1

—100 —100 ) —100 )
X /0 - -/0 eZmin{mutma)s, s =1 /0 2R 2] Loy g+ 4 ) g dipe

wi(s1+--+sr—1)

wi(l—s]—--—sp)
= (2m)srtotsr—le 2 L(1 = 81) L (s1,...,8) + (2m)51Hter—le El— I(1—s1)% (s1,.

ey Sp).

This complete the proof. O
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4. ANALYTIC CONTINUATION OF #1(s1,...,5;) AND %,(S1,...,5y)
Here we introduce a new function. We put
o0

CeEzr(S1,-. .80 f) = Z flmy,...,my)

m‘;l(ml +m2)32 e (ml =+ .- _.I_mr)5r7

mi,...,mpr=1
where f is a multi-variable arithmetic function.

Lemma 4.1. Let a be a complex variable. Then, in the region Rs; + Rsg +-- -+ Rs,. > Ra + 1 and
R(sp—ks+1+ -+ s,) >k for 1 <k <r, we have

Crz1(wt(s) —a)Crzr(s1,...,8r) = Cuzr(S15- .., 50 04).
Proof. In the above region, gz 1(wt(s) — a) and (gz,(s1,...,s,) are absolutely convergent. We
can show
[oe) na
CEZ,l(S - a)CEZ7T(Sl7 ceey Sr) = Z (nml)sl (nml 4 nm2)52 c (nml R nmr)sr
n,mi,...,mp=1
B i > djer, e, &

l1,elr=1 gil (Kl + 62)52 U (El + A+ ET)ST
Here we obtain the proof. O
Theorem 4.2. The function .#J(si,...,s,) can be continued meromorphically to the whole 2,
space.

Proof. First we assume Rs; < 0 and Rs, > 1 for 2 < k < r. Applying Lemmas 2.3 and 4.1, we have

FL (81, 5r)
00
= Z 051+--~+5r—1(k17- . '7k7“—1)
Ktvo ko 1=1

(k1 + ko)™2 -+ (k1 + - + kp—1)™—1mq! - my_q

(1 _Sl)n
X So+n
k12 (kl + /{:2)53 .. (kl 4+ 4 kr_1>5r

ey nim2t-tme_1
X (Z Z (:|:27ri)_82_"'_5T_n (_1) kl +ot (52)m1"’(5r)mr_1

n=0 mi4-+my_1=n

+ pN(sl, oy Spy E2mik, :I:27rz'(k:1 + kg) cey :f:271'i(k1 + -+ kr—l)))

z
L

= (:|:27Ti)_82_"'_8"_"(1 _ Sl)n Z (_1)n(32)m1 T (Sr)mT71

mal-me_q

n=0 mi+--+mp_1=n
> 1
X E 0'51+...+5r_1(k1,...,kr_l)
_l’_
Koo fir 1 =1 kP (ko kg)sstmz e (R e ) St
o0

+ D Oaregsa(ky ke )pN (st Ses 2wk, £2mi(ky + ko), 2Ry + -+ K1)

ki,....kr—1=1
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N-1

N e —~ (=1)"(82)my =~ (Sr)m,_,
= (£2 52 sr 1-— z
(27i) > (1 =s1)n > myl - my 1
n=0 mi+--+mr_1=n
X CEZ,l(n —S1+ 1)CEZ,T—1(52 +my, s34+ ma,. .., S +MmMy_1)
o0
+ Z Osytootsp—1(k1y ooy kre1)pN (81, .-, Spy £2miky, £2mi(ky + k), ..., E2mi(ky + -+ - + kr—1)).

k1,...,kr—1=1

Now we estimate py. We can show

PN (S1y. ey 8 E2miky, ..., E2mi(ky + -+ + kp—1))
= (£2miky ) T T2 (£2mi(key 4+ ko)) T - (E2mi(ky + - 4 K1) T

1 > (2mik)t
X e \FETEL )ty s1
F(l — 51) /0

X /t Fs s,y 805 2mika, o F2mi(ky 4 -+ k1)) (E =)V !
0 (N —1)!
= (£2miky) 75752 (2 2mi(ky 4 ko)) 752 - (2mi(ky + - A k1)) T

X # E L(_l)rm (82) /OO e—(i27rik1)tt—51
m
(1 - 81) mi+-+my_1=N malemp_yl 1 0

t r—1 kl m;
L)y [T (-—t ),
X/O( +n) H( k1+'~+kj> (Sj41)m,

dndt

j=2
Ky —Sjt1—m; N1
X114+ |— t— T dndt
( <k1+.-.+kj>77> (t—n)""dn
= (£2miky ) T T2 (£ 2mi Ry 4 ko)) T - (E2mi(ky + - A Kplg)) T (4.1)
1 N o0 )
- _1)ym m *(iQﬂ'Zkl)tt751+N71
% I'(1—s1) Z m1!-~mr_1!( )™ (52) 1/0 €

mi+-+mp_1=N

! —S2—my s kl e
X/o (L+mn) H <_k‘1 +~-+kj> (85+1)m;

J=2

k1 —Sj+17my N1
x (14— 1—n/t)N"Vdndt.
( <k1+---+kj>77) (L=n/t)" dn

Putting 7 = &, and then £2mik t = ji, we have

(4.1) = (£2mik1) 52N (£2mi (k1 + ko))~ - - (£2mi (k1 + -+ kr_1)) "
1 N mi e —p,,—s1+N
X ——— > ———— (=)™ (s2)m, e

F(l - 81) et =N m1! M)

1 —s2—m1 T
()
0 27T2k1 .

1<_k71>mj(3, )
B hwwy) e

ky Ep \ TR N1
1+ 1— dédu.
X( <k1+"‘+kj> 27ri/<:1> ( {) Sdp
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According to [10] if Rsj41 > 0, we have

—8j+1—Mm;
1+ il e <
k1+"'+kj 2miky

Hence, using the fact and assuming Rs; < N + 1, we obtain

7r|%sj-+1|
2

(&

‘pN(Sla ooy Spy 2Tk, . :|:27TZ(]C1 + A+ k‘T*l))|
< (2mky) TR 2N (O (ky + ko)) T 2wy A+ - A+ ) T

1 Z (N —Rs1 +1) ((52)ms]|

x (1 | |
‘ ( —51)| e =N my!l- e myp_q!
r—1 ]{)1 m;
s kl + 4 k‘j J

Finally, we have

[o¢]
> ostrst (kB ) pn (st Sps £2miky, £2mi(ky + ko), ., 22mi(ky 4+ Bpor))]
k1, kr_1=1

(27)_%82_..._%ST_N w(Ssa++S (N %81 + 1 -
< 2 Jsr)
o ‘P(l - 51)| ‘ Z mi C My — 1 H SJ—H mJ
mi+-+my_1=N J=1
o i 0'%(31+...+5T)—1(k1; ey T‘—l)
ot ool 1 =1 k2t (kg 4 ko) Rsatma o (kg o o o g )R bmes

and applying Lemma 4.1 we see that the last sum is equal to (pz1(1 — Rs1 + N)(ez,—1(Rs2 +
mi, Rs3+ma, ..., Rs,+m,_1) and convergent absolutely when Rs; < N, Rsa+---+Rs, + N > r—1
and R(s,_k+1+---+sp) > kfor 1 <k <r—2. Since N is arbitrary, #1 (si,...,s,) can be continued
meromorphically to the whole 2, space. O
Applying the equation
U(b,c;x) =2 “U(b—c+1,2—cx),
the fact

Osrtotsn—1(F1y oo k1) ™5 72 (ky 4 ko) ™% - (R 4+ Kypg) T

=opzr—1(1 — 81— 82, —83,..., —sr; k1, ..., kr_1)
and equation (2.1), we have
FL(S1,---,5r)
[o.¢]
18— —5, .
= (:|:27TZ) 51 s Z UEZ,T—I(I_Sl —32,—83,...,—S,«,k'l,kg,...,k,«_l)
klv J’v‘r 1=1

« i (83)m, (1 — (kllikQ))ml.“ i (57”)mr—2(1_(1g1_|_..}.€%))mrf2

mq! My—_o!
m1=0 L my_2=0 r—2

X (1 — 81)m1+...+mT72\II(1 —S1+mi 4+ +mp_9,2—51 — - — §; :|:27rik1).
(4.2)
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Here we introduce a new multiple zeta functions (4, (S1,...,Sr—15t1,...,t,—1;S,) by the series
> 1
S1yeeeySp—1,Sr;t1,e..,btp_1) =
CA,T‘( 1 r—1,9r, 1 r 1) Z n‘il(nl+n2)32-~~(n1+--'+nr)sT

Nny,...,np=1

1
ngl e (n2 + _|_nT)tr—l

Remark 4.3. Let g be a complex semisimple Lie algebra of rank r. We denote by A = A(g) the
set of all roots of g, by AL = A4 (g) the set of all positive roots of g. Here we denote the zeta
functions of the root system by the series

¢r(s;A) = Z H Y midy + - mp ) 5

mi,...mr=la€A

where s = (sq)aca, € C" and n = |A| is the number of positive roots of g. When A cor-
responds to the root system of type A,, (-(s;A) is sometimes written as (-(s; 4,). In the case

= 2, we have (a2(s1,52;t1) = CQur2(s1,t1;582) = (Ca(s1,t1,52; A2). In the case r = 3, we
have (a,3(s1,52,53;t1,t2) = (3(s1,%1,0, 2,2, 53; A3). Similarly, it is easy to see that a general
Car(Sty.-oySr—13t1, ..., tr—1; 5r) can also be expressed in terms of (,(s; A,). Since (.(s;A) can be

analytlcally continued to the whole C" space, according to [8], and since (4 ,(s1,...,Sp—1;t1,. .., tr—1; Sr)

is a special case of (.(s;A), it can also be analytically continued to C2"~ 1 space.
Lemma 4.4. We have

Car(sty.ovySr—1,8pit1, .. trm1) = G(25 Ar).
Here we set z by

(k—1)(2r — k +2)

zj=spifj =1+ 5 for1<k<r
2= Gz €07 oy (k_l)@;_k+2) forl<hk<r—1
zj = 0, otherwise
for1 <j<n.
Theorem 4.5. The function %,(s1,...,s,) can be continued meromorphically to the whole C"

space.

Proof. By substituting ¢t; = (to + - - - + t,-)n, we have

1 [e%¢) tST_l t527l e’} tslfl
/ / / 2 / 1 dty - - - dt,
F(S]_)"'F(Sr et'r — 1 6t2+"'+tr — 1 0 t]_ ++t?"

I'(1—s1) / (n1 41 )ty psr—1
— 1 r—1 'rt T
I‘(82)...I‘(ST) Z

ni,...,Nr—1=1

o0 o0
« / e gy g ) -t
0 0
x

=I'(1-s1) Z U, 1(81,- 58050500, M1 4 -+ 1y 150). (4.3)

N1yee,Np—1=1
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Applying equation (2.4), we have
oo

(4.3) = Z TL%_Sl_SQ (n14+mn2) -1+ +mn—1) " (4.4)

ni,...,Nr—1=1

[e'e] n —S83 n —Sr
X / (1 41) %2 (1 +— t) (1 + : t) dt.
0 n1 + no ny+--+n._q

Hence, by Lemma 2.1 we have

(44) _ F(l - Sl)r(sl + 5= 1) io: ni—51—52(

nt +n 753...n+...+n_ —Sr
P(82+"'+ST) 1 2) (1 1”1)

ni,...,Mpr—1=1

(r=2) 2 ng + -+ np_q
x F 83y...,80; 1 — 81,80 + -+ 85 . '
D <3 r 1,52 Tn1+n2 nl+...+nr_1>
(4.5)
According to [4], the Lauricella function has the Mellin—Barnes integral representation
F(C)
FMN (b e:g) —
D (3-7 y G Z) (ZWZ)NF(Z))F( F(CLN)
b +t 4+ tN "
L(a; +t5) z dty -+ - ditn,
/131 /EN C+t1+"'+tN ]];I J )( ]) 1 N

where £; is a contour in the ¢;-plane which is a deformed imaginary axis, that is, it connects —ico
and +ioo but is curved so that among all the poles of the integrand only the poles of I'(—t;) lie to
the right of £;. (See [4, Equation (1.7)].) We have

o0

Fl—s)T(s14+-+s —1) LS _ _

4.5) = 72 (g4 ng) % (np 4 )
(45) T(so+--+5,) .“;11 ! (ma + ) (m 1)
o [(so+ - —i—sr / / D(1—sy+t+-+t_2)

(2mi)r2I(1 — s1)I( D(sr) Joo  Jop o Dlsa4 -+, 4+t + -+ tr2)

r—2 ta
ny 4+ njpn\”
HF sjt2 +t;)0(~t;) <—n1 — +n”:1> dty---dt,_o
J

_ Dlsit- +sr—1 1—sl+t1+-~+tr_2)
(2mi) 2 (s3) /El /E L D(sa4 -+ +ti+ -+ to)
r—2
HF sj+2 + t)'(—5)
j=1
X (—1)t1+"'+tr_2CA7r_1(81 +so—1,83+1t1,...,8-1+tr—3,8 +1r_2;—11,..., —tr_g)dtl .-

Applying [8, Theorem 7.8], the zeta functions of root systems (,(z;A) is bounded by
O((polynomials in z)e® 5= 16 < g

in terms of z; and for 1 < ¢ < n. This ensures the convergence of the integral. Hence, by Lemma
4.4 we complete the proof. O

Remark 4.6. The author has also found a self-contained proof without using the existing theory
of zeta functions of root systems. This is obtained by applying Taylor’s theorem to the integrand of
U, 1(81,...ySp5n1,...,n1 + -+ - +n,r-1;0). However, this method yields analytic continuation only
over the whole 2.

~dtr_a.
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Applying the previous facts, we give the proof of Theorem 1.6.

Proof of Theorem 1.6.
Changing (s1,...,8r) by (1 — wt(s) + s1,1 — wt(s) + s2,s3,...,8,) in Theorem 3.2 and applying
equation (4.2), we have

G-(1 —wt(s) +s1,1 — wt(s) + s2,53,...,5)

oo
= F(Wt(s) —81) Z UEZ,T_l(QWt(S) — 81 — S92 — 1,—83,...,—87.;161,...,kT_l) (4.6)
klv-wkrfl:l

k _
| |
mi=0 ma: S my_9:

X (Wt(8) — $1)my+tmp_o, V(WE(S) — 81 +m1 + -+ - + mp_o, wt(s); 2miky; 1)
(o]
—i—F(Wt(S) —81) Z JEZ’T_l(QWt(S) — 81 — 89 — 1,—83,...,—Sr;kl,...,kr_l)
[ —

k _

m1! mr_z!
m1=0 my_2=0

X (Wt(8) = 81)mittmy_o ¥ (Wt(8) — 51 +m1 + -+ + myp_o, wt(s); —2miky; 1).
By Theorem 3.2 and (4.6), we obtain Theorem 1.6. O

Remark 4.7. The formula (4.6) can be regarded as an analogue of [7, Theorem 2.1].
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