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Abstract. In this paper, we introduce a new function, the multiple confluent hypergeometric func-
tions, and establish a functional equation for the r-variable Euler–Zagier multiple zeta functions
using it. In the case when r = 2, this functional equation includes the well-known functional
equation for the Euler–Zagier double zeta functions obtained by Matsumoto.

1. Introduction

Let s1, . . . , sr be complex variables, i :=
√
−1 and (a)n := Γ(a+n)

Γ(a) in this paper.

The r-variable Euler–Zagier sum is a kind of multiple zeta functions defined by the series

ζEZ,r(s1, . . . , sr) :=
∞∑

n1,n2,...,nr=1

n−s1
1 (n1 + n2)

−s2 · · · (n1 + · · ·+ nr)
−sr , (1.1)

which is convergent absolutely when ℜ(sr−k+1 + · · · + sr) > k for 1 ≤ k ≤ r. When r = 1, (1.1)
is nothing but the Riemann zeta function. The earliest result of the analytic continuation of (1.1)
is due to Arakawa and Kaneko [2], where the function is regarded as a one-variable function in
sr only. However in the case r = 2, Atkinson [3] analytically continued the function using the
Poisson sum formula. Following these results, the analytic continuation of (1.1) as an r-variable
meromorphic function has been established. (See [1], [10, 11] and [12].) In addition to these, various
other methods for the analytic continuation of (1.1) have been established up to the present. Now
we have the following result.

Theorem 1.1. The Euler–Zagier multiple zeta functions ζEZ,r(s1, . . . , sr) can be meromorphically
continued to Cr and has singularities on

sr = 1, sr−1 + sr = 2, 1, 0,−1,−2,−4 . . .

and
j∑

i=1

sr−i+1 ∈ Z≤j , 3 ≤ j ≤ r

where Z≤j is the set of integers less than or equal to j.

Once the Euler–Zagier multiple zeta functions in r-variables has been analytically continued, it
is natural from a mathematical perspective to investigate its properties. In [9], Matsumoto studied
multiple zeta functions of Euler–Zagier type for r = 2, and gave the functional equation for it, as
the following theorem.

Theorem 1.2 ([9, Theorem 1]). Let Γ(s) be the gamma function, respectively. We have

g(u, v)

(2π)u+v−1Γ(1− u)
=

g(1− v, 1− u)

iu+v−1Γ(v)
+ 2i sin

(π
2
(u+ v − 1)

)
F+(u, v),

1



A FUNCTIONAL EQUATION FOR MULTIPLE ZETA FUNCTIONS 2

where u and v are complex variables and F+(u, v) and g(u, v) are defined by

F+(u, v) :=

∞∑
k=1

σu+v−1(k)Ψ(v, u+ v; 2πik), (1.2)

and

g(u, v) := ζEZ,2(u, v)−
Γ(1− u)

Γ(v)
Γ(u+ v − 1)ζEZ,1(u+ v − 1), (1.3)

by using the divisor sum function σs−1(k) :=
∑

d|k d
s−1 and the confluent hypergeometric function

Ψ(a, c;x) :=
1

Γ(a)

∫ ∞eiϕ

0
e−xyya−1(1 + y)c−a−1dy,

which is valid under the conditions ℜa > 0, −π < ϕ < π and |ϕ+ arg x| < π/2.

According to [7], since the second term on the right-hand side vanishes on the hyperplane

Ω2k+1 := {(s1, s2) ∈ C2 | s1 + s2 = 2k + 1} (k ∈ Z),

the above expression yields a beautiful symmetric form such as

1

(2π)2kΓ(1− s1)
ζEZ,2(s1, s2) =

(−1)k

Γ(s2)

{
ζEZ,2(1− s2, 1− s1)−

B2k

4k

}
when restricted to Ω2k+1. Here we denote the k-th Bernoulli number as Bk.
Matsumoto also introduced the Mordell–Tornheim multiple zeta function

ζMT,r(s1, . . . , sr; sr+1) :=
∞∑

m1,m2,...,mr=1

m−s1
1 · · ·m−sr

r (m1 + · · ·+mr)
−sr+1 ,

which is absolutely convergent in the following region,

j∑
ℓ=1

ℜskℓ + ℜsr+1 > j

with 1 ≤ k1 < k2 < · · · < kj ≤ r for any j = 1, 2 . . . , r. In addition, Okamoto and Onozuka [13]
derived the functional equation for the Mordell–Tornheim multiple zeta functions as the following
theorem. In [13], Okamoto and Onozuka prepared some functions to state their main theorem.
More precisely, they introduced two divisor functions

σa(ℓ1, . . . , ℓr) :=
∑

d|ℓ1,...,d|ℓr

da,

and

σMT,r(s1, . . . , sr, sr+1; ℓ1, . . . , ℓr) :=
∑

d1|ℓ1,...,dr|ℓr

ds11 · · · dsrr (d1 + · · ·+ dr)
sr+1 .

Furthermore, they put

gr(s1, . . . , sr+1) := ζMT,r(s1, . . . , sr; sr+1)

− Γ(1− sr)Γ(sr + sr+1 − 1)

Γ(sr+1)
ζMT,r−1(s1, . . . , sr−1; sr + sr+1 − 1),

(1.4)

and

F±
r (s1, . . . , sr+1) :=

∞∑
ℓ1,...,ℓr−1=1

σs1+···+sr+1−1(ℓ1, . . . , ℓr−1)

ℓs11 · · · ℓsr−1

r−1

×Ψ(sr+1, sr + sr+1;±2πi(ℓ1 + · · ·+ ℓr−1)).

(1.5)
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Theorem 1.3 ([13, Theorem 1.2]). We have

gr(−s1, . . . ,−sr−1, 1− sr+1, 1− sr)

isr+sr+1−1Γ(sr+1)

+ e
πi
2
(sr+sr+1−1)F+

r (s1, . . . , sr+1) + e−
πi
2
(sr+sr+1−1)F−

r (s1, . . . , sr+1)

=
gr(s1, . . . , sr−1, sr, sr+1)

(2π)sr+sr+1−1Γ(1− sr)

+ e−
πi
2
(sr+sr+1−1)

∞∑
ℓ1,...,ℓr−1=1

σMT,r−1(s1, . . . , sr−1, sr + sr+1 − 1; l1, . . . , ℓr−1)

× {Ψ(sr+1, sr + sr+1; 2πi(ℓ1 + · · ·+ ℓr−1))

+Ψ(sr+1, sr + sr+1;−2πi(ℓ1 + · · ·+ ℓr−1))} .

For two variables, the situation is as described above; however, no functional equation has yet
been found for the Euler–Zagier multiple zeta functions when r ≥ 3, a problem posed as an open
question in [9]. In the present paper, we discuss the fundamental idea based on Matsumoto’s work,
but with a different method of generalization, as in [13]. Here we introduce the space Ar by

Ar := {(s1, . . . , sr) |, ℜsk+2 > 1, 1 ≤ k ≤ r − 2} ⊂ Cr

for r > 1. In that process we introduce the multiple confluent hypergeometric functions.

Definition 1.4 (Multiple confluent hypergeometric functions). Let a be a positive integer. We
define the multiple confluent hypergeometric functions by the following infinite integral

Ψa(h1, . . . , ha+1;x1, . . . , xa; δ)

:=
1

Γ(h2) · · ·Γ(ha+1)

∫ ∞eiϕ

0
e−xatatha+1−1

a

∫ ∞eiϕ

0
e−xa−1ta−1tha−1

a−1

×
∫ ∞eiϕ

0
· · ·
∫ ∞eiϕ

0
e−x2t2th3−1

2

∫ ∞eiϕ

0
e−x1t1th2−1

1 (δ + t1 + t2 + · · ·+ ta)
h1−1dt1 · · · dta,

where 0 ≤ δ ≤ 1, complex variables h2, . . . , ha+1 satisfy ℜhk > 0 for 2 ≤ k ≤ a + 1 and ϕ satisfies
|ϕ+ arg x| < π/2.

We introduce two functions

F r
±(s1, . . . , sr) :=

∞∑
k1,...,kr−1=1

σs1+···+sr−1(k1, . . . , kr−1)

×Ψr−1(s1, . . . , sr;±2πik1,±2πi(k1 + k2), . . . ,±2πi(k1 + · · ·+ kr−1); 1).

which performs the same role as (1.2) and (1.5). This function is absolutely convergent when ℜs1 < 0
and ℜsk > 1 for 2 ≤ k ≤ r. (See Theorem 3.2.) Moreover it can be continued meromorphically to
Ar space. (See Theorem 4.2.)

Remark 1.5. In [9], the variables can range over the entire complex plane, which is not the case
when r > 2; thus, it is evident that the result in Matsumoto’s work is particularly elegant.

Furthermore, we put

Gr(s1, . . . , sr) := ζEZ,r(s1, . . . , sr)−
1

Γ(s1) · · ·Γ(sr)

∫ ∞

0

tsr−1
r

etr − 1

∫ ∞

0
· · ·
∫ ∞

0

ts2−1
2

et2+···+tr − 1

×
∫ ∞

0

ts1−1
1

t1 + t2 + · · ·+ tr
dt1dt2 · · · dtr.

(1.6)
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This function performs the same role as (1.3) and (1.4), and also it can be continued meromorphically
to Cr space. (See Theorem 4.5.) Then we have the functional equation for (1.6) in the whole Ar

space. In order to continue G (s1, . . . , sr), we introduce the well-known function, the Lauricella
function, which is defined for c ̸∈ Z<0 by the series

F
(N)
D (a; b, c; z) :=

∞∑
k1,...,kN=0

(a1)k1 · · · (aN )kN (b)k1+···+kN

(c)k1+···+kNk1! · · · kN !
zk11 · · · zkNN ,

which converges in the region |zk| < 1 for 1 ≤ k ≤ N . Finally, we introduce a kind of divisor
function

σEZ,r(s1, . . . , sr; k1, k2, . . . , kr) :=
∑

d1|k1,...,dr|kr

ds11 (d1 + d2)
s2 · · · (d1 + d2 + · · ·+ dr)

sr .

We call σEZ,r by the Euler–Zagier r-divisor function.

Theorem 1.6. Let r be a positive integer satisfying r ≥ 2. When the complex variables (s1, . . . , sr)
are contained in Ar, we have

Gr(1− wt(s) + s1, 1− wt(s) + s2, s3, . . . , sr)

Γ(wt(s)− s1)iwt(s)−1
+ e

πi
2
(wt(s)−1)F r

+(s1, . . . , sr) + e−
πi
2
(wt(s)−1)F r

−(s1, . . . , sr)

=
Gr(s1, . . . , sr)

Γ(1− s1)(2π)wt(s)−1

+ e−
πi
2
(wt(s)−1)

∞∑
k1,...,kr−1=1

σEZ,r−1(2wt(s)− s1 − s2 − 1,−s3, . . . ,−sr; k1, . . . , kr)

×
∞∑

m1,...,mr−2=0

(s3)m1(1− k1
k1+k2

)m1

m1!
· · ·

(sr)mr−2(1− k1
k1+···+kr−1

)mr−2

mr−2!

× (wt(s)− s1)m1+···+mr−2{Ψ(wt(s)− s1 +m1 + · · ·+mr−2,wt(s); 2πik1; 1)

+ Ψ(wt(s)− s1 +m1 + · · ·+mr−2,wt(s);−2πik1; 1)}.
Here we set s := {s1, . . . , sr} and define wt(s) = s1 + · · · + sr. When all components are positive
integers, s is called an index, and wt(s) is referred to as its weight.

Remark 1.7. The above theorem takes the form of an analogue of [13, Theorem 1.2], and moreover
it constitutes a generalization of [9, Theorem 1].

1.1. Examples.
The following equation evidently holds by definition of the multiple confluent hypergeometric func-
tions,

Ψ1(h1, h2;x1; 1) = Ψ(h2, h1 + h2;x1).

Hence, it is straightforward to verify that Theorem 1.2 holds by the Theorem 1.6 in the case when
r = 2. Here we understand that m1, . . . ,mr−2 = 0 if r = 2.

In the case r = 3 where we have

G3(1− s2 − s3, 1− s1 − s3, s3)

Γ(s2 + s3)is1+s2+s3−1
+ e

π
2
(s1+s2+s3−1)F r

+(s1, s2, s3) + e−
π
2
(s1+s2+s3−1)F r

−(s1, s2, s3)

=
G3(s1, s2, s3)

Γ(1− s1)(2π)s1+s2+s3−1
+

∞∑
k1,k2=1

σEZ,2(s1 + s2 + 2s3 − 1,−s3; k1, k2)

×
∞∑

m1=0

(s3)m1(1− k1
k1+k2

)m1

m1!
(s2 + s3)m1{Ψ(s2 + s3 +m1, s1 + s2 + s3; 2πik1; 1)

+ Ψ(s2 + s3 +m1, s1 + s2 + s3;−2πik1; 1)}.
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2. Properties of multiple confluent hypergeometric functions

Lemma 2.1. Let n be a positive integer. We have∫ ∞

0
xh1−1(1 + x)h2−1(1 + α1x)

h3−1 · · · (1 + αnx)
hn+2−1dx

=
Γ(h1)Γ(1− h1 − h2 − · · · − hn+2 + n)

Γ(1− h2 − h3 − · · · − hn+2 + n)

× F
(n)
D (1− h3, . . . , 1− hn+2;h1, 1− h2 − h3 − · · · − hn+2 + n; 1− α1, . . . , 1− αn),

where hj , αk are complex variables for 1 ≤ j ≤ n+ 2 and 1 ≤ k ≤ n.

Proof. We prove it by the change of variables x = t
1−t as follows∫ ∞

0
xh1−1(1 + x)h2−1(1 + α1x)

h3−1 · · · (1 + αnx)
hn+2−1dx

=

∫ 1

0

(
t

1− t

)h1−1( 1

1− t

)h2−1(
1 + α1

t

1− t

)h3−1

· · ·
(
1 + αn

t

1− t

)hn+2−1 dt

(1− t)2

=

∫ 1

0
th1−1(1− t)n−h1−···−hn+2(1− (1− α1)t)

h3−1 · · · (1− (1− αn)t)
hn+2−1dt

=

∞∑
m1,...,mn=0

(1− h3)m1(1− α1)
m1

m1!
· · · (1− hn+2)mn(1− αn)

mn

mn!

×
∫ 1

0
th1+m1+···+mn−1(1− t)n−h1−···−hn+2dt

=
∞∑

m1,...,mn=0

(1− h3)m1(1− α1)
m1

m1!
· · · (1− hn+2)mn(1− αn)

mn

mn!

× Γ(h1 +m1 + · · ·+mn)Γ(1− h1 − h2 − · · · − hn+2 + n)

Γ(1− h2 − h3 − · · · − hn+2 +m1 + · · ·+mn + n)
.

We used the formula
∫ 1
0 tn−1(1− t)m−1dt = Γ(n)Γ(m)

Γ(n+m) in the last equality. □

Lemma 2.2. Let a be a positive integer and let complex variables h1, . . . , ha+1 satisfy h1 < 1 and
0 < h2 + · · ·+ ha+1. We have

Ψa(h1, . . . , ha+1;x1, . . . , xa; 1)
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= x
h3+···+ha+1

1 x−h3
2 · · ·x−ha+1

a

∞∑
m1=0

(h3)m1(1− x1
x2
)m1

m1!
· · ·

∞∑
ma−1=0

(ha+1)ma−1(1− x1
xa
)ma−1

ma−1!

× (1− h1)m1+···+ma−1Ψ(h2 + · · ·+ ha+1 +m1 + · · ·+ma−1, h1 + · · ·+ ha+1;x1).

(2.1)

Proof. By making the substitution t1 = (δ + t2 + · · ·+ ta)u, the integral becomes

Ψa(h1, . . . , ha+1;x1, . . . , xa; δ)

=
1

Γ(h2) · · ·Γ(ha+1)

∫ ∞

0
e−xatatha+1−1

a

∫ ∞

0
e−xa−1ta−1tha−1

a−1 · · ·
∫ ∞

0
e−x2t2th3−1

2

×
∫ ∞

0
e−x1u(δ+t2+···+ta)(δ + t2 + · · ·+ ta)

h1+h2−1uh2−1(1 + u)h1−1dudt2 · · · dta

=
1

Γ(h3) · · ·Γ(ha+1)

×
∫ ∞

0
e−xatatha+1−1

a

∫ ∞

0
e−xa−1ta−1tha−1

a−1 · · ·
∫ ∞

0
e−x2t2th3−1

2 (δ + t2 + · · ·+ ta)
h1+h2−1

×Ψ(h2, h1 + h2;x1(δ + t2 + · · ·+ ta))dt2 · · · dta.

(2.2)

Recalling the well-known and beautiful property of Ψ(b, c;x):

Ψ(b, c;x) = x1−cΨ(b− c+ 1, 2− c;x) (2.3)

shown in [5, 6.5 (6)], we can show

(2.2) =
x1−h1−h2
1

Γ(1− h1)Γ(h3) · · ·Γ(ha+1)

∫ ∞

0
e−(xa+x1t1)tatha+1−1

a

∫ ∞

0
e−(xa−1+x1t1)ta−1tha−1

a−1

×
∫ ∞

0
· · ·
∫ ∞

0
e−(x2+x1t1)t2th3−1

2

∫ ∞

0
e−δx1t1t−h1

1 (1 + t1)
−h2dt1 · · · dta

=
x1−h1−h2
1

Γ(1− h1)

∫ ∞

0
e−δx1t1t−h1

1 (1 + t1)
−h2(x2 + x1t1)

−h3 · · · (xa + x1t1)
−ha+1dt1. (2.4)

Putting δ = 1, we see that the right-hand side of (2.4) is

=
x1−h1−h2
1 x−h3

2 · · ·x−ha+1
a

2πiΓ(1− h1)

∫
M

Γ(−s)xs1

×
∫ ∞

0
ts−h1
1 (1 + t1)

−h2

(
1 +

(
x1
x2

)
t1

)−h3

· · ·
(
1 +

(
x1
xa

)
t1

)−ha+1

dt1ds.

(2.5)

Here we used the formula e−z = 1
2πi

∫
M Γ(−s)zsds. We define the integration contour M as the

vertical line running from c− i∞ to c+ i∞. In order to choose c so that all singularities of Γ(−s)
and Γ(h1+ · · ·+ha+1−s−1) lie to the right of the contour, we assume ℜ(h1−1) < c < 0. Applying
Lemma 2.1 and summing over the poles of Γ(−s) and Γ(h1 + · · ·+ ha+1 − s− 1), we have

(2.5) =
x1−h1−h2
1 x−h3

2 · · ·x−ha+1
a

2πiΓ(1− h1)

∞∑
m1,...,ma−1=0

(h3)m1(1− x1
x2
)m1

m1!
· · ·

(ha+1)ma−1(1− x1
xa
)ma−1

ma−1!

×
∫
M

Γ(−s)xs1
Γ(s− h1 +m1 + · · ·+ma−1 + 1)Γ(h1 + · · ·+ ha+1 − s− 1)

Γ(h2 + h3 + · · ·+ ha+1 +m1 + · · ·+ma−1)
ds
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=
x1−h1−h2
1 x−h3

2 · · ·x−ha+1
a

Γ(1− h1)

∞∑
m1,...,ma−1=0

(h3)m1(1− x1
x2
)m1

m1!
· · ·

(ha+1)ma−1(1− x1
xa
)ma−1

ma−1!

×
∞∑
ℓ=0

(−1)ℓ

ℓ!

(
xℓ1

Γ(ℓ− h1 +m1 + · · ·+ma−1 + 1)Γ(h1 + · · ·+ ha+1 − ℓ− 1)

Γ(h2 + h3 + · · ·+ ha+1 +m1 + · · ·+ma−1)

+x
h1+···+ha+1−1+ℓ
1

Γ(1− h1 − · · · − ha+1 − ℓ)Γ(h2 + h3 + · · ·+ ha+1 + ℓ+m1 + · · ·+ma−1)

Γ(h2 + h3 + · · ·+ ha+1 +m1 + · · ·+ma−1)

)
.

(2.6)

By using the formula 1
(1−x)n

= (−1)n(x)−n, we can show

(2.6) =
x1−h1−h2
1 x−h3

2 · · ·x−ha+1
a

Γ(1− h1)

∞∑
m1,...,ma−1=0

(h3)m1(1− x1
x2
)m1

m1!
· · ·

(ha+1)ma−1(1− x1
xa
)ma−1

ma−1!

×
∞∑
ℓ=0

1

ℓ!

(
xℓ1

Γ(1− h1 +m1 + · · ·+ma−1)Γ(h1 + · · ·+ ha+1 − 1)(1− h1 +m1 + · · ·+ma−1)ℓ
(2− h1 − · · · − ha+1)ℓΓ(h2 + h3 + · · ·+ ha+1 +m1 + · · ·+ma−1)

+x
h1+···+ha+1−1+ℓ
1

Γ(1− h1 − · · · − ha+1)(h2 + h3 + · · ·+ ha+1 +m1 + · · ·+ma−1)ℓ
(h1 + · · ·+ ha+1)ℓ

)
=

x
h3+···+ha+1

1 x−h3
2 · · ·x−ha+1

a

Γ(1− h1)

∞∑
m1,...,ma−1=0

(h3)m1(1− x1
x2
)m1

m1!
· · ·

(ha+1)ma−1(1− x1
xa
)ma−1

ma−1!

× Γ(1− h1 +m1 + · · ·+ma−1)

×
(
x
1−h1−···−ha+1

1

Γ(h1 + · · ·+ ha+1 − 1)

Γ(h2 + · · ·+ ha+1 +m1 + · · ·+ma−1)
1F1

[
1−h1 +m1 + · · ·+ma−1

2− h1 − · · · − ha+1
;x1

]
+

Γ(1− h1 − · · · − ha+1)

Γ(1− h1 +m1 + · · ·+ma−1)
1F1

[
h2 + · · ·+ha+1 +m1 + · · ·+ma−1

h1 + · · ·+ ha+1
;x1

])
.

(2.7)

The series representation

Ψ(b, c, ;x) =
Γ(1− c)

Γ(b− c+ 1)
1F1

[
b

c
;x

]
+ x1−cΓ(c− 1)

Γ(b)
1F1

[
b− c+ 1

2− c
;x

]
(2.8)

holds. (See [5, 6.5 (7)].) Here we define

1F1

[
b

c
;x

]
:=

∞∑
m=0

(b)m
m!(c)m

xm.

Applying equation (2.8) for b = h2 + · · · + ha+1 + m1 + · · · + ma−1, c = h1 + · · · + ha+1 and by
equation (2.7) we arrive at the desired assertion. □
Lemma 2.3. We have the asymptotic expansion of Ψa(h1, . . . , ha;x1, . . . , xa) such as

Ψa(h1, . . . , ha+1;x1, . . . , xa)

= x−h2
1 · · ·x−ha+1

a

N−1∑
n=0

 ∑
k1+···+ka=n

(−x1)
n(h2)k1 · · · (ha+1)ka

xk11 · · ·xkaa k1! · · · ka!

 (1− h1)n
xn1

+ ρN (h1, . . . , ha+1;x1, . . . , xa)

where,

ρN (h1, . . . , ha+1;x1, . . . , xa) := x1−h1−h2
1 x−h3

2 · · ·x−ha+1
a

1

Γ(1− h1)

∫ ∞

0
e−x1tt−h1

∫ t

0

f(η)(t− η)N−1

(N − 1)!
dηdt
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and

f(η;h1, . . . , ha+1;x1, . . . , xa) :=
∑

k1+···+ka=N

N !

k1! · · · ka!
(−1)k1(h2)k1(1 + η)−h2−k1

×
a∏

i=2

(
−
(
x1
xi

))ki

(hi+1)ki

(
1 +

(
x1
xi

)
η

)−hi+1−ki

.

Proof. We have the Taylor series

(1 + t)−h2

(
1 +

(
x1
x2

)
t

)−h3

· · ·
(
1 +

(
x1
xa

)
t

)−ha+1

=

N−1∑
n=0

 ∑
k1+···+ka=n

(−x1)
n(h2)k1 · · · (ha+1)ka

xk11 · · ·xkaa k1! · · · ka!

 tn +

∫ t

0

f(η)(t− η)N−1

(N − 1)!
dη. (2.9)

Applying the same method as in [5] and using the equations (2.4) and (2.9), we have the desired
equation. □

3. Properties of Gr(s1, . . . , sr)

It is easy to see that

ζEZ,r(s1, . . . , sr) =
1

Γ(s1) · · ·Γ(sr)

∫ ∞

0

tsr−1
r

etr − 1

∫ ∞

0
· · ·
∫ ∞

0

ts2−1
2

et2+···+tr − 1

∫ ∞

0

ts1−1
1

et1+t2+···+tr − 1
dt1dt2 · · · dtr.

(3.1)
The right-hand side is convergent when ℜ(sr−k+1 + · · ·+ sr) > k and ℜ(sk) > 0 for 1 ≤ k ≤ r.

Let

h(z) :=
1

ez − 1
− 1

z
.

Applying (1.6) and (3.1), we have

Gr(s1, . . . , sr) =
1

Γ(s1) · · ·Γ(sr)

∫ ∞

0

tsr−1
r

etr − 1

∫ ∞

0
· · ·
∫ ∞

0

ts2−1
2

et2+···+tr − 1

∫ ∞

0
ts1−1
1 h(t1+· · ·+tr)dt1dt2 · · · dtr.

Let C be the contour which consists of the half-line on the positive real axis from infinity to a small
positive number, a small circle counterclockwise round the origin, and the other half-line on the
positive real axis back to infinity. Deforming the path to the contour C, we have

Gr(s1, . . . , sr)

=
1

Γ(s1) · · ·Γ(sr)(e2πis1 − 1)

∫ ∞

0

tsr−1
r

etr − 1

∫ ∞

0
· · ·
∫ ∞

0

ts2−1
2

et2+···+tr − 1

∫
C
ts1−1
1 h(t1 + · · ·+ tr)dt1dt2 · · · dtr.

In [6], the following estimate was proved:

h(t1 + · · ·+ tr) = O(e−K|t1+···+tr| + (|t1 + · · ·+ tr|+ 1)−1).

The above estimate holds with a positive absolute constant K. Uniformly for any x, y ∈ C ∪ [0,∞),
we can show ∫

C
ts1−1
r h(t1 + · · ·+ tr)dtr = O(1) (3.2)

when ℜs1 < 1. Assuming ℜs > 1, we have∫ ∞

0

xs−1

ex − 1
dx = O(1). (3.3)

Finally, by applying (3.2) and (3.3),

Gr(s1, . . . , sr) ≪ 1
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holds in the region ℜs1 < 1 and ℜsk > 1 for 2 ≤ k ≤ r.

Theorem 3.1. In the region ℜs1 < 0 and ℜsk > 1 for 2 ≤ k ≤ r, we have

Gr(s1, . . . , sr) =
(−1)s1−1Γ(1− s1)

Γ(s2) · · ·Γ(sr)
∑
n ̸=0

∫ ∞

0

tsr−1
r

etr − 1

∫ ∞

0
· · ·
∫ ∞

0

ts3−1
3

et3+···+tr − 1

×
∫ ∞

0

ts2−1
2

et2+···+tr − 1
(−t2 − t3 · · · − tr + 2πin)s1−1dt2 · · · dtr.

(3.4)

Proof. By the residue theorem, we have∫ R
2r

0

tsr−1
r

etr − 1

∫ R
2r

0
· · ·
∫ R

2r

0

ts2−1
2

et2+···+tr − 1

∫
CR

ts1−1
1 h(t1 + · · ·+ tr)dt1dt2 · · · dtr

+

∫ R
2r

0

tsr−1
r

etr − 1

∫ R
2r

0
· · ·
∫ R

2r

0

ts2−1
2

et2+···+tr − 1

∫
DR

ts1−1
1 h(t1 + · · ·+ tr)dt1dt2 · · · dtr

= −2πi

∫ R
2r

0

tsr−1
r

etr − 1

∫ R
2r

0
· · ·
∫ R

2r

0

ts2−1
2

et2+···+tr − 1

∑
|n|≤N,n ̸=0

(−t2 − · · · − tr + 2πin)s1−1dt2 · · · dtr

(3.5)

where R = 2π(N + 1
2) for a sufficiently large positive N . The contour CR consists of the half-

line on the positive real axis from −(t2 + · · · + tr) + R to a small positive number, a small circle
counterclockwise around the origin, and another half-line on the positive real axis back to −(t2 +
· · ·+ tr) +R. The contour DR consists of a circle of radius R centered at −(t2 + · · ·+ tr), traversed
clockwise once. For the first term on the left-hand side of (3.5), the following∫ R

2r

0

tsr−1
r

etr − 1

∫ R
2r

0
· · ·
∫ R

2r

0

ts2−1
2

et2+···+tr − 1

∫
CR

ts1−1
1 h(t1 + · · ·+ tr)dt1dt2 · · · dtr

→
∫ ∞

0

tsr−1
r

etr − 1

∫ ∞

0
· · ·
∫ ∞

0

ts2−1
2

et2+···+tr − 1

∫
C
ts1−1
1 h(t1 + · · ·+ tr)dt1dt2 · · · dtr (R → ∞) (3.6)

holds in the region ℜs1 < 1 and ℜsk > 1 for 2 ≤ k ≤ r. The second term on the left-hand side of
(3.5) can be estimate as∫ R

2r

0

tsr−1
r

etr − 1

∫ R
2r

0
· · ·
∫ R

2r

0

ts2−1
2

et2+···+tr − 1

∫
DR

ts1−1
1 h(t1 + · · ·+ tr)dt1dt2 · · · dtr

≪ Rℜs1 → 0 (R → ∞) (3.7)

in the region ℜs1 < 0 and ℜsk > 1 for 2 ≤ k ≤ r. Lastly we consider the right-hand side of (3.5).
In the region ℜs1 < 0 and ℜsk > 1 for 2 ≤ k ≤ r, we obtain∫ ∞

0

tsr−1
r

etr − 1

∫ ∞

0
· · ·
∫ ∞

0

ts2−1
2

et2+···+tr − 1

∑
|n|≤N,n ̸=0

(−t2 − · · · − tr + 2πin)s1−1dt2 · · · dtr

≪
∫ ∞

0

tℜsr−1
r

etr − 1

∫ ∞

0
· · ·
∫ ∞

0

tℜs2−1
2

et2+···+tr − 1

∞∑
n=1

| − t2 − · · · − tr + 2πin|ℜs1−1dt2 · · · dtr

≪
∫ ∞

0

tℜsr−1
r

etr − 1

∫ ∞

0
· · ·
∫ ∞

0

tℜs2−1
2

et2+···+tr − 1
dt2 · · · dtr

∞∑
n=1

nℜs1−1 ≪ 1 (3.8)

by (3.3). Hence we have
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− 2πi

∫ ∞

0

tsr−1
r

etr − 1

∫ ∞

0
· · ·
∫ ∞

0

ts2−1
2

et2+···+tr − 1

∑
|n|≤N,n ̸=0

(−t2 − · · · − tr + 2πin)s1−1dt2 · · · dtr

→ −2πi

∫ ∞

0

tsr−1
r

etr − 1

∫ ∞

0
· · ·
∫ ∞

0

ts2−1
2

et2+···+tr − 1

∑
n ̸=0

(−t2−· · ·− tr+2πin)s1−1dt2 · · · dtr (R → ∞)

(3.9)

in the region ℜs1 < 0 and ℜsk > 1 for 2 ≤ k ≤ r. Hence applying the formula

1

Γ(s1)(e2πis1 − 1)
=

(−1)s1Γ(1− s1)

2πi
,

we complete the proof. □

Theorem 3.2. In the region ℜs1 < 0 and ℜsk > 1 for 2 ≤ k ≤ r, we have

Gr(s1, . . . , sr) = (2π)s1+···+sr−1Γ(1− s1){e
πi(s1+···+sr−1)

2 F r
+(s1, . . . , sr) + e

−πi(s1+···+sr−1)
2 F r

−(s1, . . . , sr)}.

(3.10)

Remark 3.3. When r = 2, Theorem 3.2 is a special case of [9, (2.14)].

Proof. By substituting tj = 2πinηj , we can show

Gr(s1, . . . , sr)

=
(2πi)s1+···+sr−1Γ(1− s1)

Γ(s2) · · ·Γ(sr)

∞∑
n=1

ns1+···+sr−1
∞∑

m1,...,mr−1=1

∫ i∞

0
e−2πinmr−1ηrηsr−1

r

×
∫ i∞

0
· · ·
∫ i∞

0
e−2πinm2(η3+···+ηr)ηs3−1

3

∫ i∞

0
e−2πinm1(η2+···+ηr)ηs2−1

2 (1 + η2 + η3 + · · ·+ ηr)
s1−1dη2 · · · dηr

+
(−2πi)s1+···+sr−1Γ(1− s1)

Γ(s2) · · ·Γ(sr)

∞∑
n=1

ns1+···+sr−1
∞∑

m1,...,mr−1=1

∫ −i∞

0
e2πinmr−1ηrηsr−1

r

×
∫ −i∞

0
· · ·
∫ −i∞

0
e2πinm2(η3+···+ηr)ηs3−1

3

∫ −i∞

0
e2πinm1(η2+···+ηr)ηs2−1

2 (1 + η2 + η3 + · · ·+ ηr)
s1−1dη2 · · · dηr

=
(2πi)s1+···+sr−1Γ(1− s1)

Γ(s2) · · ·Γ(sr)

∞∑
n=1

ns1+···+sr−1
∞∑

m1,...,mr−1=1

∫ i∞

0
e−2πin(m1+···+mr−1)ηrηsr−1

r

×
∫ i∞

0
· · ·
∫ i∞

0
e−2πin(m1+m2)η3ηs3−1

3

∫ i∞

0
e−2πinm1η2ηs2−1

2 (1 + η2 + η3 + · · ·+ ηr)
s1−1dη2 · · · dηr

+
(−2πi)s1+···+sr−1Γ(1− s1)

Γ(s2) · · ·Γ(sr)

∞∑
n=1

ns1+···+sr−1
∞∑

m1,...,mr−1=1

∫ −i∞

0
e2πin(m1+···+mr−1)ηrηsr−1

r

×
∫ −i∞

0
· · ·
∫ −i∞

0
e2πin(m1+m2)η3ηs3−1

3

∫ −i∞

0
e2πinm1η2ηs2−1

2 (1 + η2 + η3 + · · ·+ ηr)
s1−1dη2 · · · dηr

= (2π)s1+···+sr−1e
πi(s1+···+sr−1)

2 Γ(1− s1)F
r
+(s1, . . . , sr) + (2π)s1+···+sr−1e

πi(1−s1−···−sr)
2 Γ(1− s1)F

r
−(s1, . . . , sr).

This complete the proof. □
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4. Analytic continuation of F r
±(s1, . . . , sr) and Gr(s1, . . . , sr)

Here we introduce a new function. We put

ζEZ,r(s1, . . . , sr; f) :=
∞∑

m1,...,mr=1

f(m1, . . . ,mr)

ms1
1 (m1 +m2)s2 · · · (m1 + · · ·+mr)sr

,

where f is a multi-variable arithmetic function.

Lemma 4.1. Let a be a complex variable. Then, in the region ℜs1+ℜs2+ · · ·+ℜsr > ℜa+1 and
ℜ(sr−k+1 + · · ·+ sr) > k for 1 ≤ k ≤ r, we have

ζEZ,1(wt(s)− a)ζEZ,r(s1, . . . , sr) = ζEZ,r(s1, . . . , sr;σa).

Proof. In the above region, ζEZ,1(wt(s) − a) and ζEZ,r(s1, . . . , sr) are absolutely convergent. We
can show

ζEZ,1(s− a)ζEZ,r(s1, . . . , sr) =

∞∑
n,m1,...,mr=1

na

(nm1)s1(nm1 + nm2)s2 · · · (nm1 + · · ·+ nmr)sr

=

∞∑
ℓ1,...,ℓr=1

∑
d|ℓ1,...,d|ℓr d

a

ℓs11 (ℓ1 + ℓ2)s2 · · · (ℓ1 + · · ·+ ℓr)sr
.

Here we obtain the proof. □

Theorem 4.2. The function F r
±(s1, . . . , sr) can be continued meromorphically to the whole Ar

space.

Proof. First we assume ℜs1 < 0 and ℜsk > 1 for 2 ≤ k ≤ r. Applying Lemmas 2.3 and 4.1, we have

F r
±(s1, . . . , sr)

=

∞∑
k1,...,kr−1=1

σs1+···+sr−1(k1, . . . , kr−1)

×

(
N−1∑
n=0

∑
m1+···+mr−1=n

(±2πi)−s2−···−sr−n (−1)nk
m2+···+mr−1

1 (s2)m1 · · · (sr)mr−1

(k1 + k2)m2 · · · (k1 + · · ·+ kr−1)mr−1m1! · · ·mr−1!

× (1− s1)n

ks2+n
1 (k1 + k2)s3 · · · (k1 + · · ·+ kr−1)sr

+ ρN (s1, . . . , sr;±2πik1,±2πi(k1 + k2) . . . ,±2πi(k1 + · · ·+ kr−1))

)

=
N−1∑
n=0

(±2πi)−s2−···−sr−n(1− s1)n
∑

m1+···+mr−1=n

(−1)n(s2)m1 · · · (sr)mr−1

m1! · · ·mr−1!

×
∞∑

k1,...,kr−1=1

σs1+···+sr−1(k1, . . . , kr−1)
1

ks2+m1
1 (k1 + k2)s3+m2 · · · (k1 + · · ·+ kr−1)sr+mr−1

+

∞∑
k1,...,kr−1=1

σs1+···+sr−1(k1, . . . , kr−1)ρN (s1, . . . , sr;±2πik1,±2πi(k1 + k2), . . . ,±2πi(k1 + · · ·+ kr−1))
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= (±2πi)−s2−···−sr

N−1∑
n=0

(1− s1)n
∑

m1+···+mr−1=n

(−1)n(s2)m1 · · · (sr)mr−1

m1! · · ·mr−1!

× ζEZ,1(n− s1 + 1)ζEZ,r−1(s2 +m1, s3 +m2, . . . , sr +mr−1)

+

∞∑
k1,...,kr−1=1

σs1+···+sr−1(k1, . . . , kr−1)ρN (s1, . . . , sr;±2πik1,±2πi(k1 + k2), . . . ,±2πi(k1 + · · ·+ kr−1)).

Now we estimate ρN . We can show

ρN (s1, . . . , sr;±2πik1, . . . ,±2πi(k1 + · · ·+ kr−1))

= (±2πik1)
1−s1−s2(±2πi(k1 + k2))

−s3 · · · (±2πi(k1 + · · ·+ kr−1))
−sr

× 1

Γ(1− s1)

∫ ∞

0
e−(±2πik1)tt−s1

×
∫ t

0

f(η; s1, . . . , sr; 2πik1, . . . ,±2πi(k1 + · · ·+ kr−1))(t− η)N−1

(N − 1)!
dηdt

= (±2πik1)
1−s1−s2(±2πi(k1 + k2))

−s3 · · · (±2πi(k1 + · · ·+ kr−1))
−sr

× 1

Γ(1− s1)

∑
m1+···+mr−1=N

N

m1! · · ·mr−1!
(−1)m1(s2)m1

∫ ∞

0
e−(±2πik1)tt−s1

×
∫ t

0
(1 + η)−s2−m1

r−1∏
j=2

(
− k1
k1 + · · ·+ kj

)mj

(sj+1)mj

×
(
1 +

(
k1

k1 + · · ·+ kj

)
η

)−sj+1−mj

(t− η)N−1dηdt

= (±2πik1)
1−s1−s2(±2πi(k1 + k2))

−s3 · · · (±2πi(k1 + · · ·+ kr−1))
−sr

× 1

Γ(1− s1)

∑
m1+···+mr−1=N

N

m1! · · ·mr−1!
(−1)m1(s2)m1

∫ ∞

0
e−(±2πik1)tt−s1+N−1

×
∫ t

0
(1 + η)−s2−m1

r−1∏
j=2

(
− k1
k1 + · · ·+ kj

)mj

(sj+1)mj

×
(
1 +

(
k1

k1 + · · ·+ kj

)
η

)−sj+1−mj

(1− η/t)N−1dηdt.

(4.1)

Putting η
t = ξ, and then ±2πik1t = µ, we have

(4.1) = (±2πik1)
−s2−N (±2πi(k1 + k2))

−s3 · · · (±2πi(k1 + · · ·+ kr−1))
−sr

× 1

Γ(1− s1)

∑
m1+···+mr−1=N

N

m1! · · ·mr−1!
(−1)m1(s2)m1

∫ ±i∞

0
e−µµ−s1+N

×
∫ 1

0

(
1± ξµ

2πik1

)−s2−m1 r−1∏
j=2

(
− k1
k1 + · · ·+ kj

)mj

(sj+1)mj

×
(
1±

(
k1

k1 + · · ·+ kj

)
ξµ

2πik1

)−sj+1−mj

(1− ξ)N−1dξdµ.



A FUNCTIONAL EQUATION FOR MULTIPLE ZETA FUNCTIONS 13

According to [10] if ℜsj+1 ≥ 0, we have∣∣∣∣∣
(
1±

(
k1

k1 + · · ·+ kj

)
ξµ

2πik1

)−sj+1−mi

∣∣∣∣∣ ≤ e
π|ℑsj+1|

2 .

Hence, using the fact and assuming ℜs1 < N + 1, we obtain

|ρN (s1, . . . , sr;±2πik1, . . . ,±2πi(k1 + · · ·+ kr−1))|

≤ (2πk1)
−ℜs2−N (2π(k1 + k2))

−ℜs3 · · · (2π(k1 + · · ·+ kr−1))
−ℜsr

× 1

|Γ(1− s1)|
∑

m1+···+mr−1=N

Γ(N −ℜs1 + 1)

m1! · · ·mr−1!
|(s2)m1 |

×
r−1∏
j=2

(
k1

k1 + · · ·+ kj

)mj

|(sj+1)mj |eπ(|ℑs2|+···+|ℑsr|).

Finally, we have

∞∑
k1,...,kr−1=1

|σs1+···+sr−1(k1, . . . , kr−1)ρN (s1, . . . , sr;±2πik1,±2πi(k1 + k2), . . . ,±2πi(k1 + · · ·+ kr−1))|

≤ (2π)−ℜs2−···−ℜsr−N

|Γ(1− s1)|
eπ(ℑs2+···+ℑsr)

∑
m1+···+mr−1=N

Γ(N −ℜs1 + 1)

m1! · · ·mr−1!

r−1∏
j=1

|(sj+1)mj |

×
∞∑

k1,...,kr−1=1

σℜ(s1+···+sr)−1(k1, . . . , kr−1)

kℜs2+m1
1 (k1 + k2)ℜs3+m2 · · · (k1 + · · ·+ kr−1)ℜsr+mr−1

and applying Lemma 4.1 we see that the last sum is equal to ζEZ,1(1 − ℜs1 + N)ζEZ,r−1(ℜs2 +
m1,ℜs3+m2, . . . ,ℜsr+mr−1) and convergent absolutely when ℜs1 < N , ℜs2+· · ·+ℜsr+N > r−1
and ℜ(sr−k+1+ · · ·+sr) > k for 1 ≤ k ≤ r−2. Since N is arbitrary, F r

±(s1, . . . , sr) can be continued
meromorphically to the whole Ar space. □

Applying the equation

Ψ(b, c;x) = x1−cΨ(b− c+ 1, 2− c;x),

the fact

σs1+···+sr−1(k1, . . . , kr−1)k
1−s1−s2
1 (k1 + k2)

−s3 · · · (k1 + · · ·+ kr−1)
−sr

= σEZ,r−1(1− s1 − s2,−s3, . . . ,−sr; k1, . . . , kr−1)

and equation (2.1), we have

F r
±(s1, . . . , sr)

= (±2πi)1−s1−···−sr

∞∑
k1,...,kr−1=1

σEZ,r−1(1− s1 − s2,−s3, . . . ,−sr; k1, k2, . . . , kr−1)

×
∞∑

m1=0

(s3)m1(1− ( k1
k1+k2

))m1

m1!
· · ·

∞∑
mr−2=0

(sr)mr−2(1− ( k1
k1+···+kr−1

))mr−2

mr−2!

× (1− s1)m1+···+mr−2Ψ(1− s1 +m1 + · · ·+mr−2, 2− s1 − · · · − sr;±2πik1).
(4.2)
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Here we introduce a new multiple zeta functions ζA,r(s1, . . . , sr−1; t1, . . . , tr−1; sr) by the series

ζA,r(s1, . . . , sr−1, sr; t1, . . . , tr−1) :=
∞∑

n1,...,nr=1

1

ns1
1 (n1 + n2)s2 · · · (n1 + · · ·+ nr)sr

× 1

nt1
2 · · · (n2 + · · ·+ nr)tr−1

.

Remark 4.3. Let g be a complex semisimple Lie algebra of rank r. We denote by ∆ = ∆(g) the
set of all roots of g, by ∆+ = ∆+(g) the set of all positive roots of g. Here we denote the zeta
functions of the root system by the series

ζr(s;∆) :=

∞∑
m1,...,mr=1

∏
α∈∆+

⟨α∨,m1λ1 + · · ·+mrλr⟩−sα ,

where s = (sα)α∈∆+ ∈ Cn and n = |∆+| is the number of positive roots of g. When ∆ cor-
responds to the root system of type Ar, ζr(s;∆) is sometimes written as ζr(s;Ar). In the case
r = 2, we have ζA,2(s1, s2; t1) = ζMT,2(s1, t1; s2) = ζ2(s1, t1, s2;A2). In the case r = 3, we
have ζA,3(s1, s2, s3; t1, t2) = ζ3(s1, t1, 0, s2, t2, s3;A3). Similarly, it is easy to see that a general
ζA,r(s1, . . . , sr−1; t1, . . . , tr−1; sr) can also be expressed in terms of ζr(s;Ar). Since ζr(s;∆) can be
analytically continued to the whole Cn space, according to [8], and since ζA,r(s1, . . . , sr−1; t1, . . . , tr−1; sr)
is a special case of ζr(s;∆), it can also be analytically continued to C2r−1 space.

Lemma 4.4. We have

ζA,r(s1, . . . , sr−1, sr; t1, . . . , tr−1) = ζr(z;Ar).

Here we set z by

z :=

(z1, . . . , zn) ∈ Cn

∣∣∣∣∣∣∣∣∣∣
zj = sk if j = 1 +

(k − 1)(2r − k + 2)

2
for 1 ≤ k ≤ r

zj = tk if j = 2 +
(k − 1)(2r − k + 2)

2
for 1 ≤ k ≤ r − 1

zj = 0, otherwise


for 1 ≤ j ≤ n.

Theorem 4.5. The function Gr(s1, . . . , sr) can be continued meromorphically to the whole Cr

space.

Proof. By substituting t1 = (t2 + · · ·+ tr)η, we have

1

Γ(s1) · · ·Γ(sr)

∫ ∞

0

tsr−1
r

etr − 1

∫ ∞

0
· · ·
∫ ∞

0

ts2−1
2

et2+···+tr − 1

∫ ∞

0

ts1−1
1

t1 + · · ·+ tr
dt1 · · · dtr

=
Γ(1− s1)

Γ(s2) · · ·Γ(sr)

∞∑
n1,...,nr−1=1

∫ ∞

0
e−(n1+···+nr−1)tr tsr−1

r

×
∫ ∞

0
· · ·
∫ ∞

0
e−n1t2ts2−1

2 (t2 + · · ·+ tr)
s1−1dt2 · · · dtr

= Γ(1− s1)
∞∑

n1,...,nr−1=1

Ψr−1(s1, . . . , sr;n1, . . . , n1 + · · ·+ nr−1; 0). (4.3)
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Applying equation (2.4), we have

(4.3) =
∞∑

n1,...,nr−1=1

n1−s1−s2
1 (n1 + n2)

−s3 · · · (n1 + · · ·+ nr−1)
−sr

×
∫ ∞

0
t−s1(1 + t)−s2

(
1 +

n1

n1 + n2
t

)−s3

· · ·
(
1 +

n1

n1 + · · ·+ nr−1
t

)−sr

dt.

(4.4)

Hence, by Lemma 2.1 we have

(4.4) =
Γ(1− s1)Γ(s1 + · · ·+ sr − 1)

Γ(s2 + · · ·+ sr)

∞∑
n1,...,nr−1=1

n1−s1−s2
1 (n1 + n2)

−s3 · · · (n1 + · · ·+ nr−1)
−sr

× F
(r−2)
D

(
s3, . . . , sr; 1− s1, s2 + · · ·+ sr;

n2

n1 + n2
, . . . ,

n2 + · · ·+ nr−1

n1 + · · ·+ nr−1

)
.

(4.5)

According to [4], the Lauricella function has the Mellin–Barnes integral representation

F
(N)
D (a; b, c; z) =

Γ(c)

(2πi)NΓ(b)Γ(a1) · · ·Γ(aN )

×
∫
L1

· · ·
∫
LN

Γ(b+ t1 + · · ·+ tN )

Γ(c+ t1 + · · ·+ tN )

 N∏
j=1

Γ(aj + tj)Γ(−tj)(−zj)
tj

 dt1 · · · dtN ,

where Lj is a contour in the tj-plane which is a deformed imaginary axis, that is, it connects −i∞
and +i∞ but is curved so that among all the poles of the integrand only the poles of Γ(−tj) lie to
the right of Lj . (See [4, Equation (1.7)].) We have

(4.5) =
Γ(1− s1)Γ(s1 + · · ·+ sr − 1)

Γ(s2 + · · ·+ sr)

∞∑
n1,...,nr−1=1

n1−s1−s2
1 (n1 + n2)

−s3 · · · (n1 + · · ·+ nr−1)
−sr

× Γ(s2 + · · ·+ sr)

(2πi)r−2Γ(1− s1)Γ(s3) · · ·Γ(sr)

∫
L1

· · ·
∫
Lr−2

Γ(1− s1 + t1 + · · ·+ tr−2)

Γ(s2 + · · ·+ sr + t1 + · · ·+ tr−2)

×

r−2∏
j=1

Γ(sj+2 + tj)Γ(−tj)

(
−n2 + · · ·+ nj+1

n1 + · · ·+ nj+1

)tj

 dt1 · · · dtr−2

=
Γ(s1 + · · ·+ sr − 1)

(2πi)r−2Γ(s3) · · ·Γ(sr)

∫
L1

· · ·
∫
Lr−2

Γ(1− s1 + t1 + · · ·+ tr−2)

Γ(s2 + · · ·+ sr + t1 + · · ·+ tr−2)

×

r−2∏
j=1

Γ(sj+2 + tj)Γ(−tj)


× (−1)t1+···+tr−2ζA,r−1(s1 + s2 − 1, s3 + t1, . . . , sr−1 + tr−3, sr + tr−2;−t1, . . . ,−tr−2)dt1 · · · dtr−2.

Applying [8, Theorem 7.8], the zeta functions of root systems ζr(z;∆) is bounded by

O((polynomials in zi)e
θi|ℑzi|), |θi| <

π

2
in terms of zi and for 1 ≤ i ≤ n. This ensures the convergence of the integral. Hence, by Lemma
4.4 we complete the proof. □
Remark 4.6. The author has also found a self-contained proof without using the existing theory
of zeta functions of root systems. This is obtained by applying Taylor’s theorem to the integrand of
Ψr−1(s1, . . . , sr;n1, . . . , n1 + · · ·+ nr−1; 0). However, this method yields analytic continuation only
over the whole Ar.
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Applying the previous facts, we give the proof of Theorem 1.6.

Proof of Theorem 1.6.
Changing (s1, . . . , sr) by (1 − wt(s) + s1, 1 − wt(s) + s2, s3, . . . , sr) in Theorem 3.2 and applying
equation (4.2), we have

Gr(1− wt(s) + s1, 1− wt(s) + s2, s3, . . . , sr)

= Γ(wt(s)− s1)

∞∑
k1,...,kr−1=1

σEZ,r−1(2wt(s)− s1 − s2 − 1,−s3, . . . ,−sr; k1, . . . , kr−1)

×
∞∑

m1=0

(s3)m1(1− k1
k1+k2

)m1

m1!
· · ·

∞∑
mr−2=0

(sr)mr−2(1− k1
k1+···+kr−1

)mr−2

mr−2!

× (wt(s)− s1)m1+···+mr−2Ψ(wt(s)− s1 +m1 + · · ·+mr−2,wt(s); 2πik1; 1)

+ Γ(wt(s)− s1)

∞∑
k1,...,kr−1=1

σEZ,r−1(2wt(s)− s1 − s2 − 1,−s3, . . . ,−sr; k1, . . . , kr−1)

×
∞∑

m1=0

(s3)m1(1− k1
k1+k2

)m1

m1!
· · ·

∞∑
mr−2=0

(sr)mr−2(1− k1
k1+···+kr−1

)mr−2

mr−2!

× (wt(s)− s1)m1+···+mr−2Ψ(wt(s)− s1 +m1 + · · ·+mr−2,wt(s);−2πik1; 1).

(4.6)

By Theorem 3.2 and (4.6), we obtain Theorem 1.6. □

Remark 4.7. The formula (4.6) can be regarded as an analogue of [7, Theorem 2.1].
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[5] A. Erdélyi et. al. (the Bateman Manuscript Project), Higher transcendental functions, Vol. I, (McGraw-Hill,

1953).
[6] M. Katsurada and K. Matsumoto, Explicit formulas and asymptotic expansion for certain mean square of Hurwitz

zeta-functions, Math. Scand. 78 (1996), 161–177.
[7] Y. Komori, K. Matsumoto and H. Tsumura, Functional equations and functional relations for the Euler double

zeta–function and its generalization of Eisenstein type, Publ. Math. Debrecen 77 (2010), 15–31.
[8] Y. Komori, K. Matsumoto, and H. Tsumura, The Theory of Zeta-Functions of Root Systems, Springer Mono-

graphs in Mathematics, Springer Singapore, (2024). doi:10.1007/978-981-99-0910-0.
[9] K. Matsumoto, Functional equations for double zeta-functions, Math. Proc. Cambridge Philos. Soc. 136 (2004),

1–7.
[10] K. Matsumoto, Asymptotic expansions of double zeta, double gamma, and Hecke L-functions, Math. Proc. Camb.

Phil. Soc. 123 (1998), 385–405; Corrigendum and addendum, ibid. 132 (2002), 377–384.
[11] K. Matsumoto, The analytic continuation and the asymptotic behavior of certain multiple zeta–functions I, J.

Number Theory 101, 223–243.
[12] M. Ram Murty and K. Sinha, Multiple Hurwiz zeta functions, in Multiple Dirichlet series, Automorphic Forms,

and Analytic Number Theory, S, Friedberg et al. (eds.), Proc. Sympos. Pure Math. 75, Amer. Math. Soc., (2006),
pp.135–156

[13] T. Okamoto, T. Onozuka, Functional equation for the Mordell-Tornheim multiple zeta-function, Funct. Ap-
prox. Comment. Math. 55 (2016), 227–241.



A FUNCTIONAL EQUATION FOR MULTIPLE ZETA FUNCTIONS 17

(Anju Yokoi) Ikeda Senior High School Attached to Osaka Kyoiku University, 1-5-1, Midorigaoka,
Ikeda-shi, Osaka, 563-0026, Japan

Email address : anju.scorpion@icloud.com


	1. Introduction
	1.1. Examples.

	Acknowledgement
	2. Properties of multiple confluent hypergeometric functions
	3. Properties of Gr(s1,…,sr)
	4. Analytic continuation of Fr(s1,…,sr) and Gr(s1,…,sr)
	References

