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introduction

oG & W AXTE BRI SRR EE X 5.

EFR 1.1 (o ZhRIK)
M &N A RV 722/ e LT, BROW O = {(,O)\: Uy — U,/\})\GA IRD
FHERZLTWD T 5.
(1) HEAe ATDVWT Uy IZ M OBIES, U, IZR" OBLET
©X: U)\ — U;\ Gilﬁﬂ‘ﬁg{%f%é
(2) {Ur}rer & M OB#ETH 5.
(3) BN\ pu e ATODWTUTORBDIELLTHS.

(eulvanu,) © (ealuano,) ™ eA(Ux N UL) = 0 (Ux N UL)
DL EH (M, ) i o0 m KM ZRRIEE WS,
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LaL, ZHEEOBEZIE 3TV

o XTERDVT/=HNTES

o WNERRIKELDERS T 7=V

e FHE DI I iz

o & IZEHADEIIEENEN

o ZbZHHEMWAILLHIWA L VDHAME
Ko TED BRARMOMEH R ZE 2 720
= ZRKD— b L T diffeclogy & % %
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diffeclogy D &%

SRR TIEMaRGE e LT TBELRFER) &R, ThiifioT
diffeclogy TIZ lplot R] & X 5.

TEFE 2.1 (diffeclogy)

XEHEEr T3, 2—2 ) v REBOBESD 5 DEBROES DX ML

&z & DX % X _Eo diffeology ¥ 5.

(1) (ERDOHEAE U C R" 225 DIEED constant map P: U — X 12D
WT PeDX

Q) UCR,VCR™" 2HEELLT, TBOP: U XecDX2
f:V=sUeC®V,U)IZDWTPof: V= XeDX

(3) U; CR" 2L SO LT, FED P: U;U; » X IZ2OWT
Vi Ply,: Uy = X € DX 2513 P e DX

DX 2 X ko diffeology D ¥ &4 (X, DX) % diffeological space ¥\ 5.

ZDrE DX DILE X D plot £ FER.
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diffeclogy D &%

1] 2.2 (ZERIKRD diffeology)

M %ZZ2Kke 35, Zokx
DM = {P:U — M |3n e NU C R" is open, P is smooth}

&35 ZUE M LD diffeology TH 5.

{5l 2.3 (diffeological space DfiifH)

(X, DX) % diffeological space ¥ §%. ZDr &
OX={0C X |VP:U = X € DX P~YO) is open in U}

L35I X LOMEEREZEDS.
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diffeological space DI DERIZIZ smooth EDVER T Z 5.

JEFE 2.4 (smooth map)

(X, DX), (Y, DY) % diffeological space ¥ §%. B f: X — Y BLIR%
723 & EBAR £ 1 smooth TH B L\ S,

VP e DX foP eDY

U - X
foP ij
Y

diffeological space = ¥f5R, smooth map Z5f& L CEMNEEZ 3. ZOE%
Diff ¥ <.
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smooth map

i 2.5

M,N 228Kk 3%, ZOLZEG f: M — NI 527 513 smooth
ThH3.

(X, DX), (Y, DY) % diffeological space ¥t 5. ZDLEEM/Rf: X »Y
% smooth 72 HIXEKETH 5.
EXRRUTD XS LEFENEZONS.

A\

D
Mfd — Diff —— Top
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##5& diffeology

R ZE A D diffeclogy DFFEENE X LN 5.
TEZR 2.7 (sub-diffeology)

(X, DX) 1% diffeological space T A C X IZHNHEEL T3, ZDL =
L A— X 2AEB/RY LT

DA={P:U—= A|LoPeDX}

Bt ZhF A Lo diffeology TH 5. DA % DX D sub-diffeology ¥
W (A, DA) % (X, DY) D diffeological subspace ¥\ .
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##5& diffeology
2L\ D diffeology DFEENE X 6L 5.

EF% 2.8 (quotient diffeology)

(X, DX) 1% diffeological space T ~ % X FOFRIfERIfRE $5. Zor &
7 X = X/ ~ZEELE LT

VueUuwedVCcU:opendQ:V X eDX Ply=710Q

BT EBRP: U - X/ ~ 2EROEREZ DY~ B ZhF X/ ~
Fo diffeology TH 5. DX/~ % DX @ quotient diffeology ¥\ 5.
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difeological space DT

difeological space IZB I} 2WANTEAMZ L L TH AL D DPHERE i’L’C
W3, ZENEZ®D S 5T Souriau IZ &K D ERSI NP TEREH[NT

U cC R* ZB%E4A, X % diffeological space, p % BRI T 5.
(1) X D plot DESE DX (U) X TED 5.

DX(U)={P: U = X | P X plot}

(2) U kt standard form D& NP(U) Z X TED 5.

NP(U) = {a: U — AP (éRdm)

=1

ol smooth}
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difeological space DI

DX 2 AP IILITRD XS CREBF L AREE. ROBEEEZ 5.
Euc : Euclid ZZE DA% S & smooth 22 EAR D
Set : £5 2 BB DE
ZDrEDX 2 NN IS OBEOBOKERFE RoTWV53.
DX
Y
Euc®? Set

~_
AP

RBEOXINIE S 5 smooth map I K 35| R LTHZ 3.
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difeological space DT

EZE 3.2 (form)

X % diffeological space, p % B 35. HAZH w: DX = AP % X
ED p-form 2\ 5.

DX
/_\
Euc® Jw Set
~_

/\p

X LD p-form ZRDEEE QP(X) L FHL.

DF D X LD pform w iIHHESR U € Euc T LT
wy: DX(U) — AP(U)

52N THANZM-THDTH 2.
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EZEUNOE e

ZIEM O p-FERw BB 2RUW w: M - AP T*M D Z 257,
D ZRATER (p: U — U') Z 212 w i standard form

we: U — AP (EB Rdwi)
=1
PEZTVWBeAE3S.
BT DX SRR form D5 27513 M TOFEEZEUIN LT H
SR IRZEES, DF D RIKICHIDES Do 7.
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EZEUNOE e

M, JRFTERR (: U — U') 22220 & 5 7% standard form w, 25 %
THEZBRTH Y ES T 5. 2%, AMEEMHR f:V - U LT
V=f"ltop: U— VIR L %525, ZiuzxL

We =wyo fEiRd.

V/ U/
NV wx/%
U

AP (B Rdx;)

ZOLE{wyt, E M EOMATERAw R X 5.
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Souriau-de Rham BRI d: QP (X) — QPTH(X) 2 ERT 5.
standard form (ZIZBE DIME D HDER I LTV,

X % diffeological space, p Z B 5. XRTEX 25K
d: QP(X) — QPHH(X) ZAMED 20 5.

(dw)y = dowy (we QP (X),U € Euc)

DF AU D form X
(dw)u(P) = d(wu(P))

THEZHN 3.
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S5

diffeological space X 12X LT QP(X) DEMZ Q*(X) & #EL.
0 (X) = @ o (x)
p=0

ZAUSHMEST d 2 i Z 72 (Q*(X),d) & X @ Souriau-de Rham ik &\ 5.

EH 3.4

diffeological space X \Zxf L CLURDIAL D 32D,

(1) diZ RIREEH

(2) we QO(X) & P e DX(U) Icht LT duy (P) 1Z 25

(3) we PX), 7€ W(X) WAL TdwAT) = (dw) AT+ (—1)Pw Adr
(4) dd =0

v

diffeology DHSHER 2024/10/20



de Rham cohomology

ZDEH KD Souriau-de Rham #EIKIZ—>D DGATH D, ZDakEn
V—NERTES.

TEFE 3.5
diffeological space X 1Zxf LT

Hjr(X) = Kerd/Imd

% X @ de Rham cohomology &£\ 9.

A\

e 3.6

diffeological space X \Zxf L CLARDIAL D 32D,
(1) Q%(X) = C*®(X,R)

(2) HI(X) = Map(riP(X), R)

7272 L 78°(X) 1& X @ smooth path-connected component ERDES.

v
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Q@ diffeology DFAERER
°o JIZRL
@ subduction
o diffeological bundle
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form DI XR L

ZREIRDEE ¥ [FBRIC Souriau-de Rham AT % smooth map 12 & %51
XRLDVERTES.
EFK 41 (FIZREL)
diffeological space DFED smooth map f: X — Y IZx L, B4
£ Q5 (Y) = QF(X) BRCERT 5. -
w € Q*(Y),U € Euc, P € DX(U) iIcxfL

(ffwu(P) =wy(P)o f

X b form ffo %Y ED formw @ fIZ X 25 ZR L (pullback) £\ 5.
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form DI XR L

EM 42 (5IZRLDOMHE)

diffeological space DD smooth map f: X — Y I L TLL R D
ASR

(1) f*IERBEER

(2) we W*(X), T WX)THMLT ff(wAT) = f*wA f*r
(3) frod=do

& < 1Z smooth map fIZH LT f*Z DGA-map TH 5.
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MAZEE OFC BRI H 72 % b DA diffeology THERTE 5.
7EF% 4.3 (subduction)

diffeological space DD EHt 72 smooth map f: X — Y IIX L, RHHL
DILD ¥ & f % subduction ¥\, :
FEAEU cBuc b BER P: U — Y ITHL

PeDY © VueUuedVcU:opendQ:V X eDX Ply=foQ

smooth map f %3 subduction TH % Z 1% f RS TH 5 Z & L [FHE.
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subduction DHE & UL TLURA D 7D,
T 4.4
subduction f: X = Y I L, 5IZRL f*: Q%(Y) — Q*(X) IZH.4.

EH 45

subduction f: X =Y ¥ form a € Q*(X) IR L, UHIXFEE.
(1) PewY)a=fp
(2) VP,Q: U - X €DX foP=foQ = ay(P) = ay(Q)

| N\
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diffeological bundle

diffeclogy 128172 7 7 A N—ROWZZERT 5.

JEFR 4.6 (diffeological bundle)

X,Y, F % diffeological space, p: X — Y % smooth map £ 5 %. KM
DD X p%k F %774 X—t 7T 5% diffeological bundle ¥\ 5. :
EED plot P: U —Y € DY 1 LT PIZiRh> 72 p D pullback p 7 F %
77 AN— 3 3RAERAEZ D D.

XXyU—>X

g

—)Y
UP

p
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diffeological bundle

SEFE 4.7 (HLP)

p: X — Y % diffeological bundle ¥ 3 %. smooth map 7572 LI ND3E
FRER 7 DK

(d,0)| A |p

R"xR—Y
H

R L TRIBRD smooth map H:R" xR — X BFEELT
f=Ho(id,0), H=po H &7 5%.
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diffeological group

EFR 4.8 (diffeological group)

# G 2 diffeological space TH H D, FHDIE L MILD smooth TH 5 & =
G % diffeological group £\ 9.

diffeological group {ZZHEIRICEIT % Lie #f, (AMHZERICEIT 2 MHEED
FMITH D, diffeological space DEIDEENRTH 5.

diffeological group G & Z DHERIHE H I LT, H — G — G/H I
diffeological bundle T % .
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© de Rham DEHDEK D A7 72 72 Wl
o "fi : smooth singular complex
@ irrational torus DJEFH
@ irrational torus @ smooth singular cohomology
@ irrational torus @ de Rham cohomology

diffeology DHSHER 2024/10/20



de Rham O EF

£ 5.1 (de Rham DEH)

FMENEas 7 P2RRIE M ITHLT, 20 (GBE®D) de Rham 2 7+KE
ny—¢ REBFEIFRED Y -ZIFRAETH 3.

Hap(M) = H*(M;R)

ZRARTIX Z D de Rham DEH DAL D 37023 diffeological space D
Souriau-de Rham A TIZ ZAUIER D L2 W Z EHHNT WS,
DR T FEBRIC Z oK HIZE A TNL.
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smooth singular complex

#{F & L C diffeology TV T W X 512 smooth i ERE IR Z EFE L T
BL. BHEORRBEDS A" CRM 2LDEH{THZ Z L ICHEET 5.

JEZE 5.2 (smooth singular chain complex)

X %®FH DX diffeological space ¥ 35 =, B£5

S,(X) = RC®(R™, X)/(const,)

Z (RIBED) n XRDEFD X smooth singular chain complex £\ 5.

ZHUIEAR O: Spi1(X) = Sp(X) Z 0 € Spp1 (X)WL T

do = Z(_l)la(t(h o 7ti707ti+17 e 7tn + 1)

)

LED D Z ¥ T chain complex %7373,

diffeology D#53E
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smooth singular complex

chain complex 2VEFE S NLAUXZ DKt & LT cochain complex b &K
ns.

JEF% 5.3 (smooth singular cochain complex)
X %®FH DX diffeological space ¥ 35 %, 5

S™(X) = (Su(X))"

 (RIBRED) n XRDFE DX smooth singular cochain complex £\ 5.
ZHUIELR d: S, (X) = Spi1(X) & d=0* LED S Z & T cochain
complex %723,

cochain complex EOTHARICAKRER Y —DBERTX 5.
H*(X) = Kerd/Imd

Z® de Rham 2R Fuy — T 5222127 5.
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irrational torus

DA TR 0 € R\Q Z2—D[EE L Cafiz it 5.
2HRITE b — T A T2 1E T? = R?/7% THER X% Lie iR DE o7, X5
WHDEE Ry C T? %

Ry = {(z,0z) | = € R}/ Z*

EFH NI T2 OFSEETH .

JEZE 5.4 (irrational torus)
diffeological space T3 % LA R CTEHKRT 5.

T% = T2?/Ry

diffeology (3515 71 T? — T2 2% subduction £ 7% X S WC AL 5.

Z 251X Z D irrational torus ']I‘g 73 de Rham OEH OB 725 Z & %
N
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irrational torus @ smooth singular cohomology

irrational torus T2 @ smooth singular cohomology LA R D Fact % Fiu %
L THETES.

F S} ¥ diffeological bundle F — X — Y 122\ T

0= Su(F) = Su(X) = Su(Y)—0

BRI TH 5.

Z D b ML A En Y — BRI & D U T ORERYHES
N ehbhrs.

o> HYY) > HY(X) —» HY(F) - H""Y(Y) — - --
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irrational torus @ smooth singular cohomology

T% 1B 3 % X D" diffeological bundle” 2% 2 % .
R L T2 l} ’I[‘g
ZIZTuidu(z) = (x,0z) THEZHNS. HimEKLDRTERS
n 2 ™ n 2 L n J n+1 2
- — H" (T§) = H" (T%) = H" (R) = H"" (T§) — -+
2185, H'(R) 2 (1XF) HAS I RkEFEETHLR
H* (T}) = H*(T?) = A(ty, t2)

MO 5.
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irrational torus @ de Rham cohomology

de Rham cohomology 23515 L= 3\ & 9 1T irrational torus D FIDFRIR %
5Z2%. ROWAEHELTZ+0Z%5EZ 5.

fned 5.6

IR @ diffeomorphism 733 5 .

T2 2 R/(Z + 07Z)

proof) FA% ¢: T2/Ry — R/(Z + 0Z) %
o([z,y]) = [y — 0x]
Efgp: R/ (Z+ 0Z) — T?/Rp %

Y([z]) = [0, 7]
rIUE NS IE smooth THWZWEGRP 52 32 bbb, O
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irrational torus @ de Rham cohomology

ROAEH 0] D F B A2 5.

i 5.7

I' C R" % dense R&# Bt 5. ZDL X subduction w: R* — R"/T" 1
DGA A%l

7 Q*(R™/T) =5 (A*R™,d = 0)

ZHET 5.

proof) L 4.4 X D n*: Q*(R"/T") — Q*(R") IZHi5 2 DT
Imm* = Kerd Z/REIX LW,

ZD5 b5 Imr* C Kerd Z/RFIZIE form o € Q*(R"/T) & plot
P:U — R*"IZXLTa=n*a? constant form TH 3 Z &, HlIH

av(P)(w) = Y af (w)dai, A -+ A da,
I

ERRUTE IR BB ol DERTH 2 Z e 2 k.
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irrational torus @ de Rham cohomology

[Stepl] £F P =id DHEERT. TOLEU=R"TH5ILIIHFEE.
EED v € T ITH L TEH

R"® — R"
=T+

BEZDE, TRERYT EAEREWRTHS. 2 TIDFEHITON
Tac QR OHAMZHWSZ T

agn (id)(z +7) = agn (id)(z)

DED apn(id) BT AL form TH 2 Z e h3brb.
F'ZR” Fdense TH B Z 206 I AE 7L form I& constant TH 5.
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irrational torus @ de Rham cohomology

[Step2] P 3 —f&D plot D&% RT. DL EEIP: U —R"HEHIZD
WTae WRY) OERMEZHWS ZET

ay(P) = agn(id) o P

ERRB TN 5. agn(id) IF constant 72 572D T agn(id) o P
constant TH 5.

LRI D Imn* € Kerd DR E407=.
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irrational torus @ de Rham cohomology

HOEE Imm* D Kerd Z/RTITIFER 4.5 Z 5. plot
PQ:U—-R'DZ1oP=10Q HRo>TWVWAERELELD. ZDLE
form a € Kerd C Q*(R™) 122U\ T Step2 Difkafid> H

ay(P) = agn(id) o P
av(Q) n(id) o @

&7%. da=0 &b agn(id) IX constant form 72 DT ay (P) = ay(Q) B3
bhrsb. XoTaelmn* TH5. O

a
a

R
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irrational torus @ de Rham cohomology

Z+ 0Z C Rid dense R 772 DT Z OffiE X D DGA [FA
Q*(T2) = Q" (R/(Z + 07)) = (A*R,d = 0)
bbb, XoTakenry—iX
Hjpy(T§) = AR

Lizb.
CAUIHA & 221§ 72 H*(T2) = A(th, ) & FBITRW.
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