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FREERDL SRELREOERLET

RBLREE = FINRMAF (ERE) + BRI .
———
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FREERDL SRELREOERLET

BFRZE45 7541 /N> — (local differential privacy, LDP)

e-LDP: Vo, o' e X, Yy e Y, qylz') < efq(y|x).

o BREOHEERELRL
o TSANI—HBROLERZIED/INTA—R c TKRY.

:
¥ « (L1 gi(1]2 1 ° 1
i = i lecon = (500 Bl = w1 [1 o]

AR RS ETHESMIITNERITIEABES:

q = lq(y|z)lyey zex-

ICOEETIEEIC 2 < |X], V] < 0 TH3B.
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FREERDL SRELREOERLET

B FAMEREL (utility function)

o ¢ DRYEREE. CDEETIE do(q) LR
o BEIIUTDDPIDVHEDIIDILZRET S.

T —RIBARFR (data processing inequality, DPI)
ERD e-LDP XH=ZX L g & 2 FEDFIFERITFA ICHL T,

Dc(Ag) < c(g)-

(AQ)za = Y Alzly)alyla).

yeY

2LDP OXARTIZ, B ¢ EXHD=Z X LIRS,
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FREERDL SRELREOERLET

o 585 [k] ={1,2,...,k}.
o S1IF, B, d>2ZBVWT, X =[n|DDY=[d T3
o ER. ¢ DRIIRNY MILISHEEANT FL.

q:[plv"wan pla“’apTLERd'

B LRIRE (HE)
BEL>20R > 02BET 3.

OPT,(g;P¢) = sup Dc(q) .
q:e-LDP SN——
~——— Utility

Privacy protection

erZL, B d > 2 I3EE L&,
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Kairouz 5D—%:H

Assumption 1 (only in this section)
Assume that ®¢ is of the form

Oo(q) = Pe(pr,-»pa) = Y, 6P1(Y),- - pa(y)),

y€ld]
p1 (y)7"'7pn (y)>0

where ¢: (0,00)™ — R is sublinear:
o ¢(az) = ag(z) for every a > 0 and every z € (0,00)"™;
o d(z+7') < ¢(z)+ ¢(2) for all z,2z" € (0,00)™.
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Assumption 1 (only in this section)

Assume that ®¢ is of the form

Oo(g) =Po(pr, - o) = Y. d1(Y),- -, oa(v)),
y€(d]
p1 (y),~~~,pn(y)>0

where ¢: (0,00)™ — R is sublinear:
o ¢(az) = ag(z) for every a > 0 and every z € (0,00)"™;
o d(z+7') < ¢(z)+ ¢(2) for all z,2z" € (0,00)™.

Then @ satisfies the DPI [Kairouz et al., 2016]:
®c(Ag) < Pa(q)

for every e-LDP mechanism ¢ and every column-stochastic matrix A.
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Notation. Denote by 1,, the all-ones column vector in R".

Theorem 1 (Kairouz et al., 2016)

The classical optimal value OPT),(g; ®¢) is equal to the maximum of the

Y L+ (¢~ Dz)ay (1)

z€{0,1}"
subject to the following constraints.
® o, >0 for every z € {0,1}".
0 D scioyn a(ln + (ef = 1)z) = 1.
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Kairouz 5D—%:H

Notation. Denote by 1,, the all-ones column vector in R".

Theorem 1 (Kairouz et al., 2016)

The classical optimal value OPT),(g; ®¢) is equal to the maximum of the
sum

Y d(Ilat (€ ~z)ay (1)

z€{0,1}"
subject to the following constraints.
® o, >0 for every z € {0,1}".
0 D scioyn a(ln + (ef = 1)z) = 1.

Eq. (1) is equal to P (Qa), where Qo (z|i) = az(1 + (5 — 1)z;).
If n =2, then

1 1

. 1 e

a = (ag, o1, 010, 11) and  Qq = diag(a) 1
e e
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As pointed out in [Holohan et al., 2017],3 one can slightly improve
Theorem 1:

{0,1}™ 20 19, 137\ {0m, 17},
Example. Suppose n = 2. Eq. (1) is equal to ®c(qg3), since

. 1 e 1 1 e 01 "
diag(aor, a10) | = Tetille 1|7 |1 oo &
——

Column-stochastic matrix Permutation
matrix

By this and Theorem 1, OPTy(e; ) = Pc(q3).

3N. Holohan, D. J. Leith, and O. Mason. Extreme points of the local differential
privacy polytope. Linear Algebra Appl., 534:78-96, 2017.
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Kairouz 5D—%:H

As pointed out in [Holohan et al., 2017],3 one can slightly improve
Theorem 1: .
{0,1}™ 20 19, 137\ {0m, 17},

Example. Suppose n = 2. Eq. (1) is equal to ®c(qg3), since

. 1 e 1 1 e 01 "
diag(aor, a10) | = Tetille 1|7 |1 oo &
——

Column-stochastic matrix Permutation
matrix

By this and Theorem 1, OPTy(e; ) = Pc(q3).

Remark. In Theorem 1, it suffices to consider a smaller subclass of QQ, if
¢ is invariant under a group action [Nam et al., 2026, preprint].

3N. Holohan, D. J. Leith, and O. Mason. Extreme points of the local differential
privacy polytope. Linear Algebra Appl., 534:78-96, 2017.
=HH Bk LDP & QLDP &1 3 ®#E{b AP 12 /24



EPN

© =ELHEDEFILR

=HH Bk LDP & QLDP &1 3 ®#E{b AP 13 /24



RE(LFRED R FILR

@ A classical state is a probability vector p:

d

pe0,00) ) p(i)=1.

i=1
® A quantum state is a density matrix p:
p € PSD(d), Trp=1.

© Classical state p embed, Quantum state diag(p).

. represented as
Unit vector |u) e C4 P20,

L 1| represented as 1 11
V2 |1 21 1|
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° Eﬁ q = [p1,...,pn]. Eﬁ’lﬁ%pl,...,pn 757\57:}:5
° %?_ ﬁ:(p17,pn) %?’Iﬁ%ﬂl,»ﬂn 75\67:’:5

EFRFRERTZ1/\>— (QLDP)
e-QLDP: Vz,2' € X, pp < e€p,.

e LDP DEFRD 1 2. BRAEDFEEITIIAER 4
o TSAND—HEERDERZIED/INTA—R c TKRY.

RSN STLOEN L EEETHS - L EERT 3. X = [n] THBC LISER.
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° Eﬁ q= [pl,...,pn]. Eﬁ’lﬁ%pl,...,pn 757\57:}:5
° %?_ ﬁ:(p177pn) %?’Iﬁ%ﬂlyapn 75\67:’:5

EFRFRERTZ1/\>— (QLDP)
e-QLDP: Vz,2' € X, pp < e€p,.

e LDP DEFRD 1 2. BRAEDFEEITIIAER 4
o TSAND—HEERDERZIED/INTA—R c TKRY.

& DEFILR
Do (p) ZERDZMZE®BI-T [ DRBEEHRETS.

* Oc = Pqdiag-
e FEDIZZVITHIU LEBD -QLDP XAZXL FICHLT,

QQUmUT,... . UpUT) = 0q(p).

HIHFREXNSTLDOELVFEEETH I L ZBHKRT S, X = [n] THBIZLITER.
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o B g =[p,...,p,). HERKEp,. .. p, H5ED.
e BF: p=1(p1,...,pn). EFKREp,...,p, DEHEB.
mELE&E (EF)
B >20 R8>0 ZEBETS.

OPT, (&;@q) = sup Dq(p).
p:e-QLDP S——"
N—— Utility
Privacy protection

ferzl, B d > 2 (751 X d x d) IFEE L&,
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RIEDFAR

Aim 1: To establish a quantum counterpart of Theorem 1

Setting Class of mechanisms Utility functions
Classical ~ Extremal mechanisms Qo Do =3, 6()
Quantum ? ?

Setting  Privacy regime (range of ¢) References
Classical All (¢ > 0) [Kairouz et al., 2016]
Quantum
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RIEDFAR

Aim 1: To establish a quantum counterpart of Theorem 1

Setting Class of mechanisms Utility functions
Classical ~ Extremal mechanisms Qq Do =3, 6()
Quantum ? ?
Setting  Privacy regime (range of ¢) References
Classical All (¢ > 0) [Kairouz et al., 2016]
Quantum
Why is quantum extension difficult?
e Classical: ratios of entries
p .
e € < Q(y|x) < 66, M c {1,€i€}.
q(ylx) o(2])

=HH Bk LDP & QLDP &1 3 ®#E{b AP 18 /24



RIEDFAR

Aim 1: To establish a quantum counterpart of Theorem 1

Setting Class of mechanisms Utility functions
Classical ~ Extremal mechanisms Qo Do =3, 6()
Quantum ? ?

Setting  Privacy regime (range of ¢) References
Classical All (¢ > 0) [Kairouz et al., 2016]
Quantum

Why is quantum extension difficult?
e Classical: ratios of entries

el _ . Qalel)
<9l = Qalal ST

e Quantum: eigenvalues and eigenspaces

e 1y < py oy P < e,

where I, is the identity matrix on C.

LDP & QLDP &1 3 ®#E{b AP 18 /24
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RIEDFAR

Aim 2: To compare the classical and quantum optimal values

It is clear that
OPT,(&;®c) < OPT, (s CI)Q).

®Both OPT,,(¢; ®c) and OPT,,(g; ®q) are determined.
=HH Bk LDP & QLDP &1 3 ®#E{b AP 19/24



BEDHE
Aim 2: To compare the classical and quantum optimal values

It is clear that
OPT,(&;®c) < OPT, (s CI)Q).

Conditions < Utility functions References
n=2ande>0 ‘= All [Y. & Hayashi, 2020]°

., Minimum of pairwise 5
n>3ande >0 ‘< RLD Fisher info. [Y., 2025]
n e {3,4,...,9} o Error expo.nent(s.) [Nam et al., 2026]
and € = +0 in hypothesis testing
n >3 and ., Error exponents, RLD, 5
e — +0 and Holevo info., etc. [Y., 2026+]
®Both OPT,,(¢; ®c) and OPT,,(g; ®q) are determined.
19/24
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RIEDFAR

Aim 2: To compare the classical and quantum optimal values

It is clear that
OPT,(&;®c) < OPT, (s CI)Q).

Conditions < Utility functions References
n=2ande>0 ‘= All [Y. & Hayashi, 2020]°

., Minimum of pairwise 5
n>3ande >0 ‘< RLD Fisher info. [Y., 2025]
n e {3,4,...,9} o Error expo.nent(s.) [Nam et al., 2026]
and € = +0 in hypothesis testing
n >3 and ., Error exponents, RLD, 5
e — 40 and Holevo info., etc. [Y. 2026-+]

[Y., 2026+]: If n > 3, then

. OPT,(g;®q)  n(n—1) - 3
<%0 OPT,(s;@c) _ 2[n/2|[n/2] = 2°

®Both OPT,,(¢; ®c) and OPT,,(g; ®q) are determined.
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Setting Class of mechanisms Utility functions
Classical Extremal mechanisms Q¢ Po=>3,0()
Quantum Isoclinic mechanisms & (omitted)
Setting Privacy regime (range of ¢) References
Classical All (e > 0) [Kairouz et al., 2016]
[Y., 2026+]

Quantum  High-privacy regime (¢ — 40)

Isoclinic mechanisms: & = (0y,...,0,).
1—
o; = Hfd + JPZ
d r

Here, {P;}ic[n) is an EITFFc(d, 7, 1), and p is defined as ... (omitted).
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RIEDFAR

Equi-isoclinic tight fusion frames (EITFFs)

e For k € N, denote by [k] the set {1,2,...,k}.
o letn,d € Z>o and r € [d — 1].

Definition 1 (Theorem 5.2 [Fickus et al., 2017])

We say that a set {P;};c|, of n rank-r orthogonal projections on C% is an
EITFF if it satisfies the following conditions.

O > icpy b = (nr/d)14.
@® There exists ¢ € [0, 1] such that P;P,P; = cP; for all i # j.
Denote by EITFFc(d,r,n) an EITFF with parameters d, r, and n.
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RIEDFAR

Equi-isoclinic tight fusion frames (EITFFs)

e For k € N, denote by [k] the set {1,2,...,k}.
o letn,d € Z>o and r € [d — 1].

Definition 1 (Theorem 5.2 [Fickus et al., 2017])

We say that a set {P;};c|, of n rank-r orthogonal projections on C% is an
EITFF if it satisfies the following conditions.

O > icpy b = (nr/d)14.
@® There exists ¢ € [0, 1] such that P;P,P; = cP; for all i # j.
Denote by EITFFc(d,r,n) an EITFF with parameters d, r, and n.

e (n,1,n): an orthonormal basis of R" or C"

e (n—1,1,n): n unit vectors in R"~! forming the vertices of a regular
simplex centered at the origin

e (d,1,d?): a SIC-POVM (Zauner's conjecture)
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RIEDFAR

Equi-isoclinic tight fusion frames (EITFFs)
Set of values r/d:
Qp = {r/d: an EITFFc(d,r,n) exists}.

e Q, C[1/n,1/2].
e 1/n€ Q,and 1/2 € Q, [Fickus et al., 2025].
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RIEDFAR

Equi-isoclinic tight fusion frames (EITFFs)

Set of values r/d:
Qp = {r/d: an EITFFc(d,r,n) exists}.
e O, C[l/n,1/2].
e 1/n€ Q,and 1/2 € Q, [Fickus et al., 2025].
e By [lverson & O, 2025, preprint] and some existing results,
Q ={1/2}, Q3={1/3,1/2}, Q4 ={1/4,1/3,1/2}, and
Qs = {1/5,1/4,1/3,2/5,1/2}.
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RIEDFAR

Equi-isoclinic tight fusion frames (EITFFs)
Set of values r/d:
Qp = {r/d: an EITFFc(d,r,n) exists}.

Q. c [1/n,1/2).
1/n € Q, and 1/2 € Q,, [Fickus et al., 2025].
By [lverson & O, 2025, preprint] and some existing results,

Qo = {1/2}7 Q3 = {1/37 1/2}’ Qy = {1/4’ 1/3? 1/2}’ and
Qs = {1/5,1/4,1/3,2/5,1/2}.

These sets can be expressed as |, _, Cy,, Where
Co ={k/m:ke[l,m/2]NZ}.

However, this is not the case for n = 12, since an EITFF¢(16,5,12)
exists [Fickus et al., 2026, preprint].
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Comparison of two optimal values
e Let Wq be the error exponent in asymmetric hypothesis testing:

Vq(p) = féb?] D(pz|pavg);

where pave = (1/n) Zz‘e[n} Pi-
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Comparison of two optimal values

e Let Wq be the error exponent in asymmetric hypothesis testing.
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RIEDFAR

Comparison of two optimal values

e Let Wq be the error exponent in asymmetric hypothesis testing.
e The classical and isoclinic optimal values can be expressed as

OPT,(g;¥¢) = m%xGC (u), OPT,(c;¥qliso) = sup G=2_ (u).
ueln

asym uegn asym
Classical Isoclinic
Functions Ggsym(u) <G () Vue[l/n,1/2]
Domains Cn C Qp Vn € {2,3,4,5,6}
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RIEDFAR

Comparison of two optimal values

e Let Wq be the error exponent in asymmetric hypothesis testing.
e The classical and isoclinic optimal values can be expressed as

OPT,(g;¥¢) = m%xGC (u), OPT,(&;¥qliso) = sup G's° (u).
ueln

asym asym
uEQn
Classical Isoclinic
Functions Ggsym(u) <G () Vue[l/n,1/2]

Domains Cn C Qp Vn € {2,3,4,5,6}

180

Al(n,e) — OPTy(g; %)

n=3,n=4, and n = 5.

Al (n,e)  OPTy(e; ¥qliso)
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Summary

Q. = {r/d:an EITFF¢(d,r,n) exists},
Cn={k/n:kel,n/2]NZ}.

® OPT,(s;9¢) Leduee, | inear program [Kairouz et al., 2016].
® OPTy(e; &) = OPTy(e; @q) [Y. & Hayashi, 2020].
© [Y. 2026+]: If n > 3, then

OPT, (&; ¥q) n(n—1)

A OPT, (e W0) — 2[n/2]Tn/2] =

3
2

O EITFFs — Isoclinic mechanisms.
Comparison of OPT,,(e; ¥) and OPT,,(g; ¥qliso)
— Conjecture C,, C Q.
Open problems. () C,, C 9,7 2) OPT,,(¢; ®q) = OPT,(¢; Pqliso)?
Other open problems: Section 6 of arXiv:2605.27278.
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